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Abstract—We study auction-theoretic scheduling in cellular
networks using the idea of mean field equilibrium (MFE). Here,
agents model their opponents through a distribution over their
action spaces and play the best response. The system is at an
MFE if this action is itself a sample drawn from the assumed
distribution. In our setting, the agents are smart phone apps
that generate service requests, experience waiting costs, and bid
for service from base stations. We show that if we conduct a
second-price auction at each base station, there exists an MFE
that would schedule the app with the longest queue at each time.
The result suggests that auctions can attain the same desirable
results as queue-length-based scheduling. We present results on
the asymptotic convergence of a system with a finite number
of agents to the mean field case, and conclude with simulation
results illustrating the simplicity of computation of the MFE.

I. INTRODUCTION

There has recently been a rapid increase in the use of
smart hand-held devices for Internet access. These devices are
supported by cellular data networks, which carry the packets
generated by apps running on these smart devices. We consider
a system consisting of smart phone users whose apps are
modeled as queues that arrive when the user starts the app, and
depart when the user terminates that app. Packets generated
by apps are captured as jobs that arrive to the queues. Users
move around cells that each has a base station, and scheduling
a particular user provides service to the queue that represents
his/her currently running app. User interest could shift from
app to app, regardless of whether or not there are buffered
packets. Hence, a queue might terminate and be replaced by a
new one even if there are jobs waiting for service. The problem
that we consider is that of fair scheduling in such a system of
many base stations and ephemeral queues.

Most work on scheduling has focused on the case of a
finite number of infinitely long lived flows, with the objective
being to maximize the total throughput. A seminal piece of
work under this paradigm introduced the so-called max-weight
algorithm [1]. Here, the drift of a quadratic Lyapunov function
is minimized by maximizing the queue-length weighted sum
of acceptable schedules. Later work (e.g., [2]–[4]) has used a
similar approach in a variety of network scenarios. If queues
arrive and depart, then a natural scheduling policy in the single
server case is a Longest-Queue-First (LQF) scheme, in which
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each server serves the longest of the queues requesting service
from it. LQF has many attractive properties, such a minimizing
the expected value of the longest queue in the system.

Critical to the above approach is the assumption that the
queue length values are given to the scheduler. While the
downlink queue lengths would naturally be available at a
cellular base station, the only way to obtain uplink queue
information is to ask the users themselves. However, a larger
value of queue length results in a higher probability of being
scheduled under all the above policies, implying an incentive
to lie. How are we to design a scheduling scheme that
possesses the good qualities of LQF, while relying on self-
reported values?

An appealing idea is to use a pricing scheme to inform
scheduling decisions for cellular data access. For instance, [5]
describes an experimental trial of a system in which day-ahead
prices are announced to users, who then decide on whether or
not to use their 3G service based on the price at that time.
However, these prices have to be determined through trial and
error. Can we determine prices by using an auction?

Our key objective is to design an incentive compatible
scheduling scheme that behaves in an LQF-like fashion. We
consider a system in which each app bids for service from
the base station that it is currently connected to. The auction
is conducted in a second-price fashion, with the winner being
the app that bids highest, and the charge being the value of
the second highest bid. It is well known that such an auction
promotes truth-telling [6]. Would the scheduling decisions
resulting from such auctions resemble that of LQF? Would
conducting such an auction repeatedly over time with queues
arriving and departing result in some form of equilibrium?

Mean Field Games

We investigate the existence of an equilibrium using the
theory of Mean Field Games (MFG) [7]–[12]. In MFG, the
players assume that each opponent would play an action drawn
independently from a fixed distribution over its action space.
The player then chooses an action that is the best response
against actions drawn in this fashion. We say that the system
is at Mean Field Equilibrium (MFE) if this best response action
is itself a sample drawn from the assumed distribution.

The MFG framework offers a structure to approximate so-
called Perfect Bayesian Equilibrium (PBE) in dynamic games.
PBE requires each player to keep track of their beliefs on the
future plays of every other opponent in the system, and play
the best response to that belief. This makes the computation
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of PBE intractable when the number of players is large. The
MFG framework simplifies computation of the best response,
and often turns out to be asymptotically optimal.

Work on MFGs has mostly focused on showing the exis-
tence, accuracy and stability of MFE [7]–[10]. In the space
of queueing systems, some recent work considers the game of
sampling a number of queues and joining one [12]. However,
ours is a scheduling problem in queueing system interacting
with an auction system, which we believe is unique.

Our methodology is close to work by Iyer et al. [11], where
the model is that of advertisers competing via a second price
auction for spots on a webpage. The bid must lie in a finite
real interval, and the winner can place an ad on the webpage.
With time, the advertisers learn about the value of winning
(probability of making a sale). Verifying the conditions of
the Schauder Fixed Point Theorem shows the existence of
the MFE, and the results of Graham et al. [13] are used to
show that the MFG approximation is asymptotically valid. Our
analytical approach is similar at a high level, but we have
two main differences. The first is that we allow bids to lie in
the full positive real line, and the second is that we have a
queueing system with job arrivals. These differences require a
full reworking of the proofs in our setting.

Overview of Model and Results

Our Bayesian game is conducted in discrete time, and con-
sists of N cells and NM agents (apps), which are randomly
permuted in these cells at each time instant, with each cell
having exactly M agents. Each cell contains a base station,
which conducts a second price auction to choose which agent
to serve. Each agent must choose its bid in response to its
state and its belief over the bids of its competitors.

Figure 1 illustrates the MFG approximation, with the auc-
tion (shown as blue/dark tiles) and the queue dynamics (shown
as beige/light tiles). An MFG is described from the perspective
of a single agent, which assumes that the actions of all its
competitors are drawn independently from some distribution.
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Fig. 1. The game consists of an auction part (blue/dark tiles) and a queue
dynamics part (beige/light tiles). The system is at MFE if the distribution of
the bid X is equal to the assumed bid distribution ρ.

Auction System: The agent of interest competes in a second
price auction against M − 1 other agents, whose bids are
assumed to be independently drawn from a continuous, finite

mean (cumulative) bid distribution ρ, with support R+. The
state of the agent is its current queue length q (the random
variable is represented by Q). The queue length induces
a holding cost C(q), where C(.) is a strictly convex and
increasing function. Suppose that the agent bids an amount
x ∈ R+. The outcomes of the auction are that the agent would
obtain a unit of service with probability pρ(x) and would have
to pay an expected amount of rρ(x) when all the other bids
are drawn independently from ρ. Further, the queue has future
job arrivals according to distribution Φ, with the random job
size being denoted by A. Finally, the app can terminate at any
time instant with probability 1−β. Based on these inputs, the
agent needs to determine the value of its current state V̂ρ(q),
and the best response bid to make x = θ̂ρ(q).

Queueing System: The queueing dynamics are driven by
the arrival process Φ and the probability of obtaining service
being pρ(x) as described above. When the user terminates an
app, he/she immediately starts a fresh app, i.e., a new queue
takes the place of a departing queue. The initial condition of
this new queue is drawn from a regeneration distribution Ψ,
whose support is R+. The stationary distribution associated
with this queueing system (if it exists) is denoted Πρ.

Mean Field Equilibrium: The probability that the agent’s
bid lies in the interval [0, x] is equal to the probability that
the agent’s queue length lies in some set whose best response
is to bid between [0, x]. Thus, the probability of the bid lying
in the interval [0, x] is Πρ(θ̂

−1
ρ ([0, x])), which we define as

γ(x). According to the assumed (cumulative) bid distribution,
the probability of the same event is ρ(x). If ρ(x) = γ(x), it
means that the assumed bid distribution is consistent with the
best response bid distribution, and we have an MFE.

Organization and Main Results: After preliminaries on
Bayesian and mean field systems in Sections II–III, we con-
sider the problem of determining the cost minimizing bid
function and the corresponding value function as a Markov
Decision Process in Section IV. We show that the Bellman
operator corresponding to the MDP is a contraction mapping
with a unique minimum, implying that value iteration would
converge to the best response bid. Further, we show that the
best response bid is monotone increasing in queue length.

We next prove the existence of the MFE in Sections V–
VI by verifying the conditions of the Schauder Fixed Point
Theorem. We need to show that the mapping between ρ to γ
is continuous, and that the space in which γ lies is contained
in a compact subset of the space from which ρ is drawn. In
order to do this, we first show that the mapping between ρ
and θ̂ρ(.) is continuous, and then show that the map between
ρ and Πρ(.) is continuous. Putting these together yields the
required continuity conditions. We then verify the conditions
of the Arzelà-Ascoli Theorem for showing compactness.

We show in Section VII that the MFE in our case is an
asymptotically accurate approximation of a PBE. The result
follows from the fact that any finite subset of users is unlikely
to have interacted with any of the others as N becomes large.
Finally, we present simulation results in Section VIII, showing
that MFE computation is straightforward.

Discussion: The bid function θ̂ρ(q) is monotone increasing
in q regardless of ρ. This implies that the service regime cor-
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responding to MFE is identical to LQF (or a weighted version
if we have different user classes). Further, our simulations
suggest that if the base stations were to compute the empirical
bid distribution and return it to the users, the eventual bid
distribution would be the MFE. Thus, the desirable properties
of LQF are a natural result of auction-based scheduling.

II. BAYESIAN GAME MODEL

We consider a system with N cells and NM agents. We
assume that time is discrete, and at each time instant, the NM
agents are randomly permuted among the N cells, with exactly
M agents in each. Each cell then conducts a second price
auction. The winner of an auction gets service at that instant;
reducing the workload in the winner’s queue by at most one
unit. Let Qi,k represent the residual workload of agent i, just
before kth auction. We assume that Qi,k ∈ [0,∞) and note
that it completely represents the state of the queue at time k.
Agent i’s workload is influenced by the following:

1) Arrivals: After every auction, an arrival Ai,k occurs at
agent i, where Ai,k is a random variable independent of
every other parameter and distributed according to Φ.

2) Service: Di,k is the random variable representing the
amount of service delivered at the k-th time instant. We
assume that the server serves at-most a unit workload of
the winner in any auction. Di,k = min{1, Qi,k}×Wi,k,
where Wi,k = 1(i wins at time k).

3) Regeneration: We assume that agent i may regenerate
with probability 1− β after participating in an auction,
where 0 < β < 1. We assume that the new workload is
a random variable distributed according to Ψ.

Hence, the state of agent i at time k + 1 is,

Qi,k+1 =

{
Ri,k if regenerates at k
Qi,k −Di,k +Ai,k otherwise,

(1)

where Ai,k ∼ Φ and Ri,k ∼ Ψ. Below we state the
assumptions on the arrival and regeneration processes.

Assumption 1. The arrivals {Ai,k} are i.i.d random variables
distributed according to Φ. We assume that Ai,k ∈ [0, Ā],
where Ā is finite. Also, these random variables have a bounded
density function, φ (i.e., ||φ‖ < cφ, where ||.|| is the sup norm).

Assumption 2. The regeneration values {Ri,k} are i.i.d
random variables distributed according to Ψ, and they have
a bounded density ψ (i.e., ‖ψ‖ < cψ, where ||.|| is the sup
norm).

Each agent bears a holding cost at every instant, that corre-
sponds to the dis-utility due to unserved workload. The holding
cost of agent i at time k is C(Qi,k), where C : R+ → R+.
The agent also pays for service if it wins the auction. This
is called the bidding cost. Let Xi,k be the bid submitted by
agent i in the kth auction and

X̄−i,k = max
j∈Mi,k

Xj,k,

where Mi,k is the set consisting of all other agents partici-
pating in at time k with agent i. Then, the bidding cost of
agent i is X̄−i,k ×Wi,k. We make a convexity assumption on

the holding cost, which is motivated by delay usually being
convex in queue length.

Assumption 3. The holding cost function C : R+ 7→ R+

is continuous, increasing and strictly convex. We also assume
that C is O(qm) for some integer m.

The polynomial form above is for technical reasons, but
is not very restrictive since many convex functions can be
approximated quite well.

Optimal bidding strategy
The information available with any agent about the market

at any time prior to the auction only includes the following:
1) The bids it made in each previous auction from last

regeneration.
2) The auctions that it won.
3) The payments made for the auctions won.

Let Hi,k be the history vector containing the above information
available to agent i at time k. Each agent holds a belief that
is a distribution over future trajectories, which gets updated
via Bayes’ rule as new information arrives at the occurrence
of each auction. Let µi,k be the belief of agent i at time k.

Let pure strategy θi be the history dependent strategy of
agent i, i.e θi(Hi,k) = Xi,k. We define θ−i to be the vector
of strategies of all agents except agent i and θ = [θi,θ−i].
We refer to θ as strategy profile.

Given a strategy profile θ, a history vector Hi,k and a belief
vector µi,k, the expected cost is

Vi,µi,k(Hi,k;θ)

= Eθ,µi,k

 Tki∑
t=k

[
C(Qi,t) + X̄−i,t1(Wi,t = 1)

] , (2)

where T ki is the time at which i regenerates after time k.
We now introduce the notion of Nash equilibrium in dy-

namic games, called Perfect Bayesian Equilibrium (PBE).

Definition 1. A strategy profile θ is said to be a PBE if
1) For each agent i, after any history Hi,k, the strategy

θi ∈ arg maxθ′i Vi,µi,k(Hi,k, θ
′
i,θ−i)

2) The belief vectors µi,k are updated via Bayes’ rule for
all agents.

The Bayesian game framework requires each agent to keep
track of complex beliefs over other agents, which becomes
computationally prohibitive in large systems. We next describe
the mean field model.

III. MEAN FIELD MODEL

As discussed in the Introduction, the mean field model is
an approximation of the Bayesian game as the number of
agents approaches infinity. Here, according to the belief of a
single agent, the distribution of a random agent’s state does not
change under Bayesian updates. Further, the bid distributions
of the other M − 1 agents in an auction are independent, as it
is unlikely that they would have interacted from the point of
earliest regeneration of any of the agents in the auction. The
identity the other agents is irrelevant, and so agent i needs to
only maintain belief over the bid of a random agent.
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A. Agent’s decision problem

Let the candidate be agent i. Suppose that the belief over
the bid of a random agent has cumulative distribution ρ. We
assume that ρ ∈ P where,

P = {G|G is a continuous c.d.f,
∫

(1−G(x))dx < E},

for some E <∞, to be defined later.
Since the time of regeneration T ki is a geometric random

variable, the expected cost of the agent given in (2) can be
can be re-written as

Vi,ρ(Hi,k; θi) = E

[ ∞∑
t=k

βt[C(Qi,t) + rρ(Xi,t)]

]
, (3)

where the expectation is over future state evolutions. By
replacing the belief with ρ, we have made an agent’s deci-
sion problem independent of other agents’ strategies. Hence,
we represent the cost by Vi,ρ(Hi,k; θi). Also, rρ(x) =
E[X̄−i,kI{X̄−i,k ≤ x}] is the expected payment when i bids
x under the assumption that the bids of other agents are
distributed according to ρ. Hence, given ρ, the win probability
in the auction is

pρ(x) = P(X̄−i,k ≤ x) = ρ(x)M−1. (4)

The expected payment when bidding x is

rρ(x) = E[X̄−i,kI{X̄−i,k ≤ x}]

= xpρ(x)−
∫ x

0

pρ(u)du. (5)

The state process Qi,k is Markov and has an invariant
transition kernel

P(Qi,k+1 ∈ B|Qi,k = q,Xi,k = x) =

βpρ(x)P((q − 1)+ +Ak ∈ B) (6)
+ β(1− pρ(x))P(q +Ak ∈ B) + (1− β)Ψ(B),

where B ⊆ R+ is a Borel set and x+ , max(x, 0). Recall
that Ak ∼ Φ is the arrival between (k)th and (k+1)th auction
and Ψ is density function of the regeneration process. In the
above expression, the first term corresponds to the event that
agent wins the auction at time k, while the second corresponds
to the event that it does not. The last term captures the event
that the agent regenerates after auction k. The agent’s decision
problem can be modeled as an infinite horizon discounted cost
MDP. It can be shown that there exists an optimal Markov
deterministic policy for our MDP [14]. Then, from (3), the
optimal value function of the agent can be written as

V̂i,ρ(q) =

inf
θi∈Θ

E

[ ∞∑
t=1

βt[C(Qi,t) + rρ(Xi,t)] |Qi,0 = q

]
, (7)

where Θ is the space of Markov deterministic policies.
Note that user index is redundant in the above expression

as we are concerned with a single agent’s decision problem,
In future notations, we will omit the user subscript i.

B. Stationary distribution

Given cumulative bid distribution ρ and a Markov policy
θ ∈ Θ, the transition kernel given by (6) can be re-written as,

P(Qk+1 ∈ B|Qk = q) =

βpρ(θ(q))P((q − 1)+ +Ak ∈ B) (8)
+ β(1− pρ(θ(q)))P(q +Ak ∈ B) + (1− β)Ψ(B).

Then, we have an important result in the following lemma:

Lemma 1. The Markov chain described by the transition
probabilities in (8) is positive Harris recurrent and has a
unique stationary distribution.

Proof: From (8) we note that,

P(Qk+1 ∈ B|Qk = q) ≥ (1− β)Ψ(B)

where 0 < β < 1 and Ψ is a probability measure. The result
then follows from results in Chapter 12, Meyn and Tweedie
[15].

We denote the unique stationary distribution by Πρ,θ.

C. Mean field equilibrium

As described in the Introduction, the mean field equilibrium
requires the consistency check that the bid distribution γ
induced by the stationary distribution Πρ,θρ should be equal
to the bid distribution conjectured by the agent, i.e., ρ. Thus,
we have the following definition of MFE:

Definition 2 (Mean field equilibrium). Let ρ be a bid distri-
bution and θρ be a stationary policy for an agent. Then, we
say that (ρ, θρ) constitutes a mean field equilibrium if

1) θρ is an optimal policy of the decision problem in (7),
given bid distribution ρ; and

2) ρ(x) = γ(x) , Πρ(θ
−1
ρ ([0, x])),∀x ∈ R+, where Πρ =

Πρ,θρ .

A main result of this work is showing the existence of
an MFE. Due to space limitations, we will only present
proof sketches in most cases. All proofs can be found in our
technical report [16].

IV. PROPERTIES OF OPTIMAL BID FUNCTION

The decision problem given by (7) is an infinite horizon,
discounted Markov decision problem. The optimality equation
or Bellman equation corresponding to the decision problem is

V̂ρ(q) = C(q) + βEA(V̂ρ(q +A)) + inf
x∈R+

[rρ(x)

−pρ(x)βEA
(
V̂ρ(q +A)− V̂ ρ((q − 1)+ +A)

)]
, (9)

where A ∼ Φ, and we use the notation max(0, z) = z+.
Define the set of functions

V =

{
f : R+ 7→ R+ : sup

q∈R+

∣∣∣∣ f(q)

w(q)

∣∣∣∣ <∞
}
, (10)

where w(q) = max{C(q), 1}. Note that V is a Banach space
with w-norm,

‖f‖w = sup
q∈R+

∣∣∣∣ f(q)

w(q)

∣∣∣∣ <∞.
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Also, define the operator Tρ as

(Tρf)(q) = C(q) + βEAf(q +A) + inf
x∈R+

[rρ(x)

−pρ(x)β(EA(f(q +A)− f((q − 1)+ +A)))
]
, (11)

where f ∈ V . It is straightforward to show that the infimum
in the above operator occurs at

β∆f(q)+, (12)

where ∆f(q) = EA(f(q + A) − f((q − 1)+ + A)). Then,
substituting from (4), (5) and (12), (11) can be rewritten as

(Tρf)(q) =

C(q) + βEAf(q +A)−
∫ β∆f(q)+

0

pρ(u)du. (13)

The following lemma characterizes the optimal solution.

Lemma 2. Given a cumulative bid distribution ρ,

1) There exists a j ∈ N such that T jρ : V → V is
a contraction mapping. Hence, there exists a unique
f∗ρ ∈ V such that Tρf∗ρ = f∗ρ , and for any f ∈ V ,
Tnρ f → f∗ρ as n→∞.

2) The fixed point f∗ρ of operator Tρ is the unique solution
to the optimality equation (9), i.e., f∗ρ = V̂ρ.

3) Let,
θ̂ρ(q) = β∆V̂ρ(q)

+.

Then, θ̂ρ is an optimal policy.

Proof: We first show that Tρf ∈ V,∀f ∈ V. The
proof then follows through a verification of the conditions of
Theorem 6.10.4 in [17].

Corollary 3. An optimal policy of the agent’s decision prob-
lem (7) is given by

θ̂ρ(q) = βEA
[
V̂ρ(q +A)− V̂ρ((q − 1)+ +A)

]
.

We now establish that V̂ρ and θ̂ρ are continuous and
increasing functions.

Lemma 4. Given a cumulative bid distribution function ρ

1) V̂ρ is a continuous increasing function.
2) θ̂ρ is a continuous strictly increasing function.

Proof: Let f ∈ V . Suppose f is a continuous monotone
increasing function. We first prove that Tρf is also continuous
monotone increasing function. Since, Tnρ f → V̂ρ according to
Statement 2 of Lemma 2, we conclude that V̂ρ also has the
same property.

Let q > q′. Then,

Tρf(q)− Tρf(q′) = C(q)− C(q′)

+ βEA(f(q +A)− f(q′ +A))

+ inf
x

[rρ(x)− βpρ(x)EA(f(q +A)− f((q − 1)+ +A))]

− inf
b

[rρ(x)− βpρ(x)EA(f(q′ +A)− f((q′ − 1)+ +A))]

(a)

≥ βEA(f(q +A)− f(q′ +A))

+ β inf
b

[
pρ(x)EA(f(q′ +A)− f((q′ − 1)+ +A)

−f(q +A) + f((q − 1)+ +A))
]

≥ βmin {EA(f(q +A)− f(q′ +A)),

EA(f((q − 1)+ +A)− f((q′ − 1)+ +A))
} (b)

≥ 0,

where (a) follows from the assumption that C(.) is an increas-
ing function, and (b) follows from the assumption that f(.) is
an increasing function.

To prove that Tρf is continuous consider a sequence
{qn} such that qn → q. Since f is a continuous function,
f(qn + a) → f(q + a). Then, by using dominated conver-
gence theorem, we have EAf(qn + A) → EAf(q + A) and
EAf((qn−1)++A)→ EAf((q−1)++A). Also, ∆f(qn) ≥ 0
as f is an increasing function. Then, from (13), we get that

Tρf(qn) = C(qn) + βEAf(qn +A)−
∫ β∆f(qn)

0

pρ(u)du

→ C(q) + βEAf(q +A)−
∫ β∆f(q)

0

pρ(u)du = Tρf(q).

Hence, Tρf is a continuous function. This yields Statement 1
in the lemma.

Now, to prove the second part, assume that ∆f is an
increasing function. First, we show that ∆Tρf is an increasing
function. Let q > q′. From (13), for any a < Ā we can write

(Tρf)(q + a)− (Tρf)((q − 1)+ + a)

− (Tρf)(q′ + a) + (Tρf)((q′ − 1)+ + a)

=C(q + a)− C((q − 1)+ + a)

− C(q′ + a) + C((q′ − 1)+ + a)

+ βEAf(q + a+A)− βEAf((q − 1)+ + a+A)

− βEAf(q′ + a+A) + βEAf((q′ − 1)+ + a+A)

−
∫ β∆f(q+a)

β∆f(q′+a)

pρ(u) du+

∫ β∆f((q−1)++a)

β∆f((q′−1)++a)

pρ(u) du

=C(q + a)− C((q − 1)+ + a)

− C(q′ + a) + C((q′ − 1)+ + a)

+ βEAf((q + a− 1)+ +A)− βEAf((q − 1)+ + a+A)

− βEAf((q′ + a− 1)+ +A) + βEAf((q′ − 1)+ + a+A)

+

∫ β∆f(q+a)

β∆f(q′+a)

1− pρ(u) du+

∫ β∆f((q−1)++a)

β∆f((q′−1)++a)

pρ(u) du

It can be easily verified that EA(f(q+a−1)++A)−EA(f(q−
1)+ +a+A)−EA(f(q′+a−1)+ +A)+EA(f(q′−1)+ +a+
A) ≥ 0 as f is increasing (due to Statement 1 of this lemma).
From the assumption that ∆f is increasing, the last two terms
in the above expression are also non-negative. Now, taking
expectation on both sides, we obtain ∆Tρf(q)−∆Tρf(q′) ≥
∆C(q)−∆C(q′) > 0. Therefore, from Statements 2 and 3 of
Lemma 2, we have

θ̂ρ(q)− θ̂ρ(q′) = ∆V̂ρ(q)−∆V̂ρ(q
′) ≥ ∆C(q)−∆C(q′) > 0.

Here, the last inequality holds since C is a strictly convex
increasing function.
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V. EXISTENCE OF MFE
The main result showing the existence of MFE is as follows.

Theorem 5. There exists an MFE (ρ, θ̂ρ) such that

ρ(x) = γ(x) , Πρ

(
θ̂−1
ρ [0, x]

)
,∀x ∈ R+.

We first introduce some useful notation. Let Θ = {θ : R 7→
R, supq∈R+

∣∣∣ θ(q)w(q)

∣∣∣ <∞}. Note that Θ is a normed space with
w-norm. Also, let Ω be the space of absolutely continuous
probability measures on R+. We endow this probability space
with the topology of weak convergence. Note that this is
same as the topology of point-wise convergence of continuous
cumulative distribution functions.

We define θ∗ : P 7→ Θ as (θ∗(ρ))(q) = θ̂ρ(q), where
θ̂ρ(q) is the optimal bid given by Corollary 3. It can easily
verified that θ̂ρ ∈ Θ. Also, define the mapping Π∗ that takes a
bid distribution ρ to the invariant workload distribution Πρ(·).
Later, using Lemma 8 we will show that Πρ(·) ∈ Ω. Therefore,
Π∗ : P → Ω. Finally, define F as (F(ρ))(x) = γ(x) =
Πρ(θ̂

−1
ρ ([0, x])). Lemma 11 will show that F maps P into

itself.
Now to prove the above theorem we need to show that F

has a fixed point, i.e F(ρ) = ρ.

Theorem 6 (Schauder Fixed Point Theorem). Suppose
F(P) ⊂ P . If F(·) is continuous, and F(P) is contained
in a convex and compact subset of P , then F(·) has a fixed
point.

In next section, we show that the mapping F satisfies the
conditions of the above theorem, and hence it has a fixed point.
Note that P is a convex set. Therefore, we just need to show
that the other two conditions are satisfied.

VI. MFE EXISTENCE: PROOF

A. Continuity of the map F
To prove the continuity of mapping F , we first show that θ∗

and Π∗ are continuous mappings. To that end, we will show
that for any sequence ρn → ρ in uniform norm, we have
θ∗(ρn) → θ∗(ρ) in w-norm and Π∗(ρn) ⇒ Π∗(ρ) (where ⇒
denotes weak convergence). Finally, we use the continuity of
θ∗ and Π∗ to prove that F(ρn)→ F(ρ).

Step 1: Continuity of θ∗

Theorem 7. The map θ∗ is continuous.

Proof: Define the map V ∗ : P 7→ V that takes ρ to V̂ρ(·).
We begin by showing that ‖θ̂ρ1 − θ̂ρ2‖w ≤ K‖V̂ρ1 − V̂ρ2‖w,
which means that the continuity of the map V ∗ implies the
continuity of the map θ∗.

Then we show two simple properties of the Bellman oper-
ator. The first is that for any ρ ∈ P and f1, f2 ∈ V ,

‖Tρf1 − Tρf2‖w ≤ K̂‖f1 − f2‖w (14)

for some large K̂, independent of ρ.
Second, let Tρ1 and Tρ2 be the Bellman operators corre-

sponding to ρ1, ρ2 ∈ P and let f ∈ V . We show that

‖Tρ1f − Tρ2f‖w ≤ 2(M − 1)K1‖f‖w‖ρ1 − ρ2‖. (15)

We then have

‖T jρ1 V̂ρ2 − T
j
ρ2 V̂ρ2‖w ≤ ‖T

j
ρ1 V̂ρ2 − T

j−1
ρ1 Tρ2 V̂ρ2‖w

+ ‖T j−1
ρ1 Tρ2 V̂ρ2 − T j−2

ρ1 T 2
ρ2 V̂ρ2‖w + · · ·

+ ‖Tρ1T j−1
ρ2 V̂ρ2 − T jρ2 V̂ρ2‖w

≤ K̂j−1‖Tρ1 V̂ρ2 − Tρ2 V̂ρ2‖w + · · ·
+ ‖Tρ1T j−1

ρ2 V̂ρ2 − T jρ2 V̂ρ2‖w (16)

≤ (K̂j−1 + · · ·+ 1)‖Tρ1 V̂ρ2 − Tρ2 V̂ρ2‖w
≤ 2(M − 1)K‖ρ1 − ρ2‖(K̂j−1 + · · ·+ 1)‖V̂ρ2‖w (17)

Here, (16) and (17) follow from (14) and (15), respectively.
Now, let j be such that T jρ1 is an α-contraction. Note that

Statement 1 of Lemma 2 implies that such a j < ∞ exists.
Then we have

‖V̂ρ1 − V̂ρ2‖w = ‖T jρ1 V̂ρ1 − T
j
ρ2 V̂ρ2‖w

≤ ‖T jρ1 V̂ρ1 − T
j
ρ1 V̂ρ2‖w + ‖T jρ1 V̂ρ2 − T

j
ρ2 V̂ρ2‖w

=⇒ (1− α)‖V̂ρ1 − V̂ρ2‖w ≤ ‖T jρ1 V̂ρ2 − T
j
ρ2 V̂ρ2‖w (18)

Finally, from (17) and (18), we get

‖V̂ρ1 − V̂ρ2‖w

≤ 2(m− 1)K(K̂j−1 + · · ·+ 1)‖ρ1 − ρ2‖
1− α

‖V̂ρ2‖w

≤ 2(m− 1)K(K̂j−1 + · · ·+ 1)‖ρ1 − ρ2‖
1− α

× (‖V̂ρ1‖w + ‖V̂ρ1 − V̂ρ2‖w).

Therefore, if 2(m−1)K(K̂j−1+···+1)
1−α ‖ρ1 − ρ2‖ < 1

2 , then

‖V̂ρ1 − V̂ρ2‖w

≤ 4(m− 1)K(K̂j−1 + · · ·+ 1)

1− α
‖V̂ρ1‖w‖ρ1 − ρ2‖

Hence, the maps V ∗ and θ∗ are continuous.

Step 2: Continuity of the map Π∗

Let Πρ,θ(.) be the invariant distribution generated by any θ.
Recall that Π∗ takes ρ ∈ P to probability measure Πρ(.) =
Πρ,θ̂ρ

(.). First, we show that Πρ,θ(.) ∈ Ω, where Ω is the space
of absolutely continuous measures (with respect to Lebesgue
measure) on R+.

Lemma 8. For any ρ ∈ P and any θ ∈ Θ, Πρ,θ(·) is
absolutely continuous with respect to the Lebesgue measure
on R+.

Proof: Πρ,θ(·) can be expressed as the invariant queue-
length distribution of the dynamics

q →

{
Q′ +A with probability β
R with probability (1− β),

where A ∼ Φ and R ∼ Ψ, and Q′ is a random variable with
distribution generated by the conditional probabilities

P(Q′ = q|q) =1− pρ(θ̂(q))
P(Q′ = (q − 1)+|q) =pρ(θ̂(q))
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Let Π′ be the distribution of Q′. Then for any Borel set B, Π
can be expressed using the convolution of Π′ and Φ :

Πρ,θ(B) = β

∫ ∞
−∞

Φ(B − y)dΠ′(y) + (1− β)Ψ(B). (19)

If B is a Lebesgue null-set, then so is B− y ∀y. So, Φ(B−
y) = 0 and Ψ(B) = 0 and therefore Πρ(B) = 0.

We now develop a useful characterization of Πρ,θ. Let

Υ
(k)
ρ,θ(B|q) = P(Qk ∈ B|no regeneration, Q0 = q)

be the distribution of queue length Qk at time k induced by
the transition probabilities (8) conditioned on the event that
Q0 = q and that there are no regenerations until time k. We
can now express the invariant distribution Πρ,θ(·) in terms of
Υ

(k)
ρ,θ(·|q) as in the following lemma.

Lemma 9. For any bid distribution ρ ∈ P and for any
stationary policy θ ∈ Θ, the Markov chain described by
the transition probabilities in (8) has a unique invariant
distribution Πρ,θ(·) given by,

Πρ,θ(B) =
∑
k≥0

(1− β)βkEΨ(Υ
(k)
ρ,θ(B|Q)), (20)

where EΨ(Υ
(k)
ρ,θ(B|Q)) =

∫
Υ

(k)
ρ,θ(B|q)dΨ(q).

Proof: Υ
(k)
ρ,θ(B|q) is the queue length distribution assum-

ing no regeneration has happened yet, and the regeneration
event occurs with probability β independently of the rest of the
system. It is then easy to find Πρ,θ(B) in terms of Υ

(k)
ρ,θ(B|q)

by simply using the properties of the conditional expectation,
and the theorem follows. Note that in EΨ(Υ

(k)
ρ,θ(B|Q)), the

random variable is the initial condition of the queue, as
generated by Ψ.

We shall now prove the continuity of Π∗ in ρ.

Theorem 10. The mapping Π∗ : P 7→ Ω is continuous.

Proof: By Portmanteau theorem [18], we only need to
show that for any sequence ρn → ρ in w-norm and any open
set B, lim infn→∞Πρn(B) ≥ Πρ(B). By Fatou’s lemma,

lim inf
n→∞

Πρn(B)

= lim inf
n→∞

∞∑
k=0

(1− β)βkEΨR [Υ(k)
ρn (B|Q)]

≥
∞∑
k=0

(1− β)βkEΨR [lim inf
n→∞

Υ(k)
ρn (B|Q)] (21)

where Q ∼ ΨR. Let Υ
(k)
ρ = Υ

(k)

ρ,θ̂ρ
. We prove by induction

that lim infn→∞Υ
(k)
ρn (B|q) ≥ Υ

(k)
ρ (B|q) for every q ∈ R+,

and the proof follows.

Step 3: Continuity of the mapping F
Now, using the results from Step 1 and Step 2, we establish
continuity of the mapping F . First, we show that F(ρ) ∈ P .

Lemma 11. For any ρ ∈ P , let γ(x) = (F(ρ))(x) =
Πρ(θ̂

−1
ρ ([0, x])), x ∈ R+. Then, γ ∈ P .

Proof: From the definition of Πρ, it is easy to see that γ
is a distribution function. Since θ̂ρ is continuous and strictly
increasing function as shown in Lemma 4, θ̂−1

ρ ({x}) is either
empty or a singleton. Then, from Lemma 8, we get that
Πρ(θ̂

−1
ρ ({x})) = 0. Together, we get that γ(x) has no jumps

at any x and hence it is continuous.
To complete the proof, we need to show that the expected

bid under γ(.) is finite. In order to do this, we construct
a new random process Q̃k that is identical to the original
queue length dynamics Qk, except that it never receives any
service. We show that this process stochastically dominates
the original, and use this property to bound the mean of the
original process by a finite quantity independent of ρ.

We now have the main theorem.

Theorem 12. The mapping F : P 7→ P given by (F(ρ))(x) =
Πρ(θ̂

−1
ρ ([0, x])) is continuous.

Proof: Let ρn → ρ in uniform norm. From previous steps,
we have θ̂ρn → θ̂ρ in w-norm and Πρn ⇒ Πρ. Then, using
Theorem 5.5 of Billingsley [18], one can show that the push-
forwards also converge:

Πρn(θ̂−1
ρn (·))⇒ Πρ(θ̂

−1
ρ (·)).

Then, F(ρn) converges point-wise to F(ρ) as it is continuous
at every x, i.e., (F(ρn))(x)→ (F(ρn))(x) for all x ∈ R+.

Using standard arguments it can be shown that in the
norm space P , point-wise convergence implies convergence
in uniform norm. This completes the proof.

B. F(P) contained in a compact subset of P
We show that the closure of the image of the mapping F ,

denoted by F(P), is compact in P . As P is a normed space,
sequential compactness of any subset of P implies that the
subset is compact. Hence, we just need to show that F(P) is
sequentially compact. Sequential compactness of a set F(P)
means the following: if {ρn} ∈ F(P) is a sequence, then there
exists a subsequence {ρnj} and ρ ∈ F(P) such that ρnj → ρ.
We use Arzelà-Ascoli theorem and uniform tightness of the
measures in F(P) to show the sequential compactness. The
version that we will use is stated below:

Theorem 13 (Arzelà-Ascoli Theorem). Let X be a σ-compact
metric space. Let G be a family of continuous real valued func-
tions on X . Then the following two statements are equivalent:

1) For every sequence {gn} ⊂ G there exists a subsequence
gnj which converges uniformly on every compact subset
of X .

2) The family G is equicontinuous on every compact subset
of X and for any x ∈ X , there is a constant Cx such
that |g(x)| < Cx for all g ∈ G.

Suppose a family of functions D ⊆ P satisfies the equiva-
lent conditions of the Arzelá-Ascoli theorem and in addition
satisfy the uniform tightness property, i.e., ∀ε > 0 there exists
and xε such that for all f ∈ D 1 ≥ f(xe) ≥ 1− ε. Then, for
any sequence {ρn} ⊂ D, there exists a subsequnce {ρnj} that
converges uniformly on every compact set to a continuous
increasing function ρ on R+. As D is uniformly tight it
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can be shown that ρnj converges uniformly to ρ and that
ρ ∈ P . Therefore, D is sequentially compact in the topology
of uniform norm.

In the following, we show that F(P) satisfies uniform
tightness property and condition 2 in Arzelá-Ascoli theorem.
First verifying the conditions of Arzelá-Ascoli theorem, note
that the functions in consideration are uniformly bounded by 1.
To prove equicontinuity, consider an γ = F(ρ) and let x > y.

γ(x)− γ(y) = Πρ(θρ(q) ≤ x)−Πρ(θρ(q) ≤ y)

= Πρ(y < θρ(q) ≤ x) (22)

Lemma 14. For any interval [a, b], Πρ([a, b]) < c · (b − a),
for some large enough c.

Proof: The proof follows easily from our characterization
of Πρ in terms of Υ

(k)
ρ .

The above lemma and equation (22) imply that γ(x) −
γ(y) ≤ c(θ−1

ρ (x) − θ−1
ρ (y)). To show equicontinuity, it

is enough to show that lim supy↑x
γ(x)−γ(y)

x−y ≤ K(x) for
some K independent of ρ. This property follows from our
characterization of the optimal bid function.

Finally, we note that P , and hence F(P), is uniformly
tight. This is due to the fact that the expectation of the bid
distributions is bounded uniformly. An application of Markov
inequality will give uniform tightness.

VII. APPROXIMATION RESULTS: PBE AND MFE

In this section we prove that the mean field policy is an
ε-Nash equilibrium. We have the following theorem:

Theorem 15. Let (ρ, θ̂ρ) constitute an MFE. Suppose at time 0
the queue length of the users is set independently across users
according to Πρ; and that their initial belief is also consistent.
Also, suppose that all queues except queue 1 play the MFE
policy θ̂ρ. Then, for any policy θN of queue 1 that may be
history dependent and any q ∈ R+, we have

lim sup
N→∞

V N1,µ1,0
(q; θ̂ρ, (θ̂ρ)−1)− V N1,µ1,0

(q; θN , (θ̂ρ)−1) ≤ 0,

where µ1,0 = Πρ and the superscript N has been added to
explicitly indicate the dependence on the number of cells.

The main idea behind the proof is a result called propa-
gation of chaos, and it identifies conditions under which any
finite subset of the state variables are independent from each
other. We state this result now in our context.

Lemma 16 (Propagation of chaos). For any fixed indices
i1, . . . , ik, let L(Qni1(t), . . . , Qnik(t) denote the probability law
of the k-tuple of corresponding queues in the MN -queue
system, at time t. Suppose that L((QNi1 (0), . . . , QNik,0(0)) =
⊗kΠρ, where (ρ, θρ) is the solution to the MFE equation. Also,
suppose that all queues are following mean field equilibrium
strategy. Then for any T > 0, we have

L(QNi1 (T ), . . . , QNik(T )⇒ ⊗kΠρ,

as N →∞.

Proof: We shall only consider the case k = 2; the proof
of the general case is similar. We follow the proof of Theorems

4.1 and 5.1 in Graham and Meleard [13]. The proof is divided
into two parts; the first part proves that for any two agents i
and j,

‖L(QNi , Q
N
j )− L(QNi )⊗ L(QNj )‖D → 0,

where the subscript D refers to the total variation norm. In
the second, we show that L(QNi ) ⇒ Πρ. Both parts rely on
studying interaction graphs, defined in [13], which characterize
the amount of interactions that any finite subset of agents may
have had in the past.

The proof of Theorem 15 is as follows. Suppose we start
at time t = 0 with queue length of agent 1 being Q1(0). We
can choose a time T large enough so that the value added
by auctions occurring after time T is less than ε, due to
discounting. Thus, the difference in value contributed by these
auctions, when using policy θN and θ̂ρ can be bounded by 2ε,
and we can restrict attention to the first T auctions.

Using ideas similar to Lemma 16, we show that probability
of the event EN that other agents that interact with agent 1
at time t have never been influenced by agent 1 goes to 1
as N becomes large. Thus, the belief of distribution of queue
lengths of other agents encountered converges to Πρ according
to Lemma 16. Then we can show that for any ε > 0 and N ,

V N1,µ1,0
(q; θρ, (θρ)−1)− V N1,µ1,0

(q; θN , (θρ)−1) ≤ ε,

which yields the desired result.

VIII. SIMULATION RESULTS

We now turn to computing the MFE distribution. For
simplicity of simulation, we truncate and discretize both state
and bid spaces. The new state space is S = {0.01m, 0 ≤ m ≤
2000}, while the bid space is X = {0.15m, 0 ≤ m ≤ 3000}.
The job arrival and regeneration distributions are both chosen
to be uniform over interval [0, 1]. The service rate of each
base station is assumed to be 5 units per time slot. Finally, the
holding cost function is chosen as C(q) = q2.

We develop an algorithm for our setting inspired
by the computational approach in [11]. Let ρ0(x) =
min{0.001x, 1}, x ∈ X and Π0 = Ψ. For every positive
integer n, do the following:

1) Compute the optimal value function, V̂n, which is the
unique solution to the following equation,

V̂n(q) = C(q)+βEA[V̂n(q+A)]−
∑

x≤β∆V̂n(q),x∈X

pρn(x),

where ∆V̂n(q) = EA[V̂n(q+A)]−EA[V̂n((q−1)++A)].
We apply value iteration method (Section 6.10 [17]) to
compute an approximate solution to the above equation.

2) Compute the optimal bid function, θ̂n as

θ̂n(q) = βEA[V̂n(q +A)− V̂n((q − 1)+ +A)].

3) Compute steady state distribution, Πn as follows: Let
p(q) = pρn(θ̂n(q)). Then,

Πn[q] = (1− β)Ψ(q) + β
∑
q′∈S

Πn−1(q′)×(
p(q′)EA[1((q′−5)++A=q)] + (1− p(q′))EA[1(q′+A=q)]

)
.
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Fig. 2. Convergence to MFE bid distribution Fig. 3. MFE queue length distribution Fig. 4. MFE optimal bid function

4) Finally, compute bid distribution, ρn+1(x) =
Πn[θ̂−1

n ([0, x])]. If ||ρn − ρn+1|| < ε, then ρ = ρn+1

and exit. Otherwise, set n = n+ 1 and go to Step 1.
If the algorithm converges, then its output distribution, ρ, is
an approximation of the MFE bid distribution.

We simulated the algorithm for three set of parameters:
1. (β = 0.9,M = 10), 2. (β = 0.95,M = 10) and
3. (β = 0.9,M = 15). Also, we chose the accuracy parameter
ε = 0.008. Figure 2 shows that the algorithm converges in
less than 50 iterations in all three cases. In each iteration,
Step 1 (value iteration) is the most computationally intensive.
It converges in 80 recursions, with each recursion having to
update |S| number of variables, and with each variable update
requiring at most |X | number of arithmetic operations. All
together, the computational complexity of each iteration is in
the order of 80× |S| × |X | arithmetic operations.

The queue length distributions at MFE are shown in Fig-
ure 3. We observe that the distribution curves exhibit a
rightward shift with increase in β or M . Note that larger β
makes queues live longer without regeneration, while higher
M reduces each individual’s average service rate. Hence,
the queues get longer on average. We show the optimal bid
functions at MFE in Figure 4. As expected from our analysis,
the bid functions are monotonically increasing in queue length.

Discussion on Implementation

The ease of computation of the MFE immediately suggests a
simple implementation scheme. Suppose that the base stations
were to calculate the empirical bid distribution at each time
instant, and return it to the users. The users play their best
response to this bid distribution. Complexity of computing the
best response is low, since value iteration by each user has
to be done only for a singe queue state. The base stations
combine all the bids to create a new empirical bid distribution.
Such a proceeding is essentially identical to the algorithm that
we employed above, and would converge in a similar fashion.

IX. CONCLUSION

In this paper, we have explored the question of whether it is
possible to design an incentive compatible scheduling policy
that has the attractive properties of an LQF service regime. We
used a mean field framework to show that as the number of
agents in the system becomes large, this objective can indeed
be fulfilled using a second price auction at each server. In

reality, such auctions would have to be conducted periodically
(say every five minutes), and the servers would actually be a
set of OFDM channel at each base station to be allocated to
the highest bidders. There would also be different classes of
applications having different cost functions and arrival rates.
It is straightforward to incorporate these extensions to our
model, and we plan on conducting a trial in our Smart Phone
Laboratory in the future.
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