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Abstract—In this paper, we develop a social group utility
maximization (SGUM) framework for cooperative networking
that takes into account both social relationships and physical
coupling among users. Specifically, instead of maximizing its
individual utility or the overall network utility, each user aims to
maximize its social group utility that hinges heavily on its social
ties with other users. We show that this framework provides
rich modeling flexibility and spans the continuum space between
non-cooperative game and network utility maximization (NUM)
– two traditionally disjoint paradigms for network optimization.
Based on this framework, we study an important application in
database assisted spectrum access. We formulate the distributed
spectrum access problem among white-space users with social
ties as a SGUM game. We show that the game is a potential
game and always admits a social-aware Nash equilibrium. We
also design a distributed spectrum access algorithm that can
achieve the social-aware Nash equilibrium of the game and
quantify its performance gap. We evaluate the performance of
the SGUM solution using real social data traces. Numerical
results demonstrate that the performance gap between the SGUM
solution and the NUM (social welfare optimal) solution is at most
15%.

I. INTRODUCTION

Network utility maximization (NUM) has been extensively

studied for network optimization problems (see [1], [2] and the

references therein). A key assumption underpinning network

utility maximization is that the interests of all users are

aligned, i.e., they act in an altruistic manner with the same

social objective of maximizing the total network utility. Along

a different line, game theory has found a wide variety of

important applications for distributed resource allocation prob-

lems in various networking applications [3]. Many existing

game-theoretic models assume that all users are selfish and

rationally, aiming at maximizing its own benefit. In fact, the

assumptions that users are altruistic and selfish by network

utility maximization and non-cooperative game represent two

extreme cases that users are fully social-aware (i.e., caring

about the benefit of all the users) and socially oblivious (i.e.,

caring about their own benefits only), respectively. In many

applications such as mobile social networking, however, such

assumptions are not readily applicable since hand-held devices

are carried by human beings who have diverse social relation-

ships and care about their social neighbors at different levels
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Fig. 1. An illustration of the social group utility maximization framework.
In the physical domain, users have different physical coupling subject to
physical relationships (e.g., interference). In the social domain, users have
heterogeneous social coupling due to the social ties among users.

[4]. Clearly, there is much room left to exploit diverse social

relationships among users for networking optimization, and it

is of great interest to explore the continuum space between

these two extreme cases. Indeed, with the explosive growth

of online social networks such as Facebook and Twitter,

more and more people are actively involved in online social

interactions, and social relationships among people are hence

extensively broadened and significantly enhanced [5]. This has

opened up a new avenue to integrate the social interactions for

cooperative network design.

With this motivation, we advocate a novel social group util-
ity maximization (SGUM) framework that takes into account

both the users’ social relationships and physical coupling. As

illustrated in Figure 1, a key observation is that users are

coupled not only in the physical domain due to the physical

relationship (e.g., interference), and but also in social domain

due to the social ties among them. It would be a win-win case

for users to help those users having social ties with them.

With this insight, we view the network as an overlay/underlay

system where a “virtual social network” overlays the physical

communication network (the “social network” is virtual, in the

sense that the social tie structure therein results from existing

human relationship and online social networks). Then, the

social tie structure is leveraged to facilitate cooperative net-

working. Specifically, we cast the distributed decision making

problem for cooperative networking among users as a SGUM

game, where each user maximizes its social group utility, de-

fined as the sum of its own individual utility and the weighted

sum of the utilities of other users having social tie with it.

One primary objective of this study is to establish a general

framework that bridges the gap between non-cooperative game

and network utility maximization – two traditionally disjoint

paradigms for network optimization. These two paradigms are

captured under the proposed framework as two special cases978-1-4799-3360-0/14/$31.00 c©2014 IEEE
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where no social tie exists among users (i.e., users are socially

oblivious) and all users are connected by the strongest social

ties (i.e., users are fully altruistic), respectively (as illustrated

in Figure 2).

Under the SGUM framework, we study an important appli-

cation in database assisted spectrum access. The very recent

FCC ruling requires that white-space users (i.e., secondary

TV spectrum users) must rely on a geo-location database to

determine the spectrum availability [6]. Although the database-

assisted approach obviates the need of spectrum sensing by

individual users, it remains challenging to achieve reliable

shared spectrum access, because different white-space users

may choose to access the same vacant channel and thus

incur severe interference to each other. To stimulate effective

cooperation for channel allocation among whit-space users, we

cast the database assisted distributed spectrum access problem

among white-space users with social ties as a SGUM game.

We also design a distributed spectrum access algorithm that

can converge to a social-aware Nash equilibrium and quantify

its performance gap from the social welfare optimal solution.

A. Summary of Main Contributions

The main contributions of this paper are as follows:

• Social Group Utility Maximization Framework: We pro-

pose a SGUM framework, which highlights the interplay

between the physical coupling subject to users’ physical

relationships and the social coupling due to the social ties

among users. The SGUM framework can provide rich

flexibility for modeling network optimization problems

and span the continuum space between non-cooperative

game and network utility maximization – two extreme

paradigms based on drastically different assumptions that

users are selfish and altruistic, respectively.

• Social Group Utility Maximization for Database Assisted
Spectrum Access: We apply the SGUM framework for

database assisted spectrum access and formulate the

distributed spectrum access problem among white-space

users with social ties as a SGUM game. We prove that

the game is a potential game and always admits a social-

aware Nash equilibrium. Moreover, we show that the

potential function of the game exhibits a nice structure

that can be decomposed into two parts, capturing the

impact of the physical coupling and social coupling in

spectrum access, respectively.

• Distributed Spectrum Access Algorithm for Achieving
Social-aware Nash equilibrium: We design a distributed

spectrum access algorithm that can achieve the social-

aware Nash equilibrium of the SGUM game for database

assisted spectrum access. We also derive the upper-

bound of the performance gap of the social-aware Nash

equilibrium from the NUM solution. We further evaluate

the performance of the SGUM solution using real social

data traces. Numerical results demonstrate that the per-

formance gap between the SGUM solution and the NUM

solution is at most 15%.

B. Related Work

Although there exists a significant body of work on non-

cooperative game and network utility maximization, surpris-

ingly very little attention has been paid to the continuum space

between these two extreme paradigms. Recent works [7], [8]

have studied the impact of altruistic behavior in a routing

game. [9] has recently investigated a random access game of

two symmetrically altruistic players.

The social aspect is emerging as an important dimension

for communication system design. A channel recommendation

system based on cooperative social interactions is developed

for dynamic spectrum access in [10]. Social structures, such

as social community which are derived from the user contact

patterns, have been exploited to design efficient data forward-

ing and dissemination algorithms in delay tolerant networks

[11], [12]. In a recent study [13], we leveraged two key social

social phenomena of social trust and social reciprocity to

propose a coalitional game based mechanism for cooperative

D2D communication. We should emphasize that the SGUM
framework in this paper is quite different from the coalitional
game solution, since each user in the latter aims to maximize
its individual benefit (although it is achieved by cooperating
with other users in its coalition). Further, while a user in a
coalitional game can only participate in one cooperative group
(coalition), a user in the SGUM framework can be in multiple
social groups associated with different users due to diverse
social ties among them.

II. SOCIAL GROUP UTILITY MAXIMIZATION FRAMEWORK

In this section we introduce the SGUM framework for

cooperative networking. As illustrated in Figure 1, the frame-

work can be projected onto two domains: the physical domain

and the social domain. In the physical domain, different

wireless users have different physical coupling due to their

heterogeneous physical relationships (e.g., interference). In the

social domain, different users have different social coupling

due to their intrinsic social ties. We next discuss both physical

and social domains in detail.

A. Physical Network Graph Model

We consider a set of wireless users N = {1, 2, ..., N} where

N is the total number of users. We denote the set of feasible

strategies for each user n ∈ N as Xn. For instance, a strategy

x ∈ Xn can be choosing either a channel or a power level

for wireless transmissions. Subject to heterogeneous physical

constraints, the strategy set Xn can be user-specific. For

example, the strategy set Xn can be a set of feasible relay users

that are in vicinity of user n for cooperative communication.

To capture the physical coupling among the users in the

physical domain, we introduce the physical graph Gp =
{N , Ep} (see Figure 1 for an example). Here the set of users

N is the vertex set, and Ep � {(n,m) : epnm = 1, ∀n,m ∈ N}
is the edge set where epnm = 1 if and only if users n and m
have physical coupling (e.g., cause interference to each other).

We also denote the set of users that have physical coupling

with user n as N p
n � {m ∈ N : epnm = 1}.
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Let x = (x1, ..., xN ) ∈ ∏N
n=1 Xn be the strategy profile of

all users. Given the strategy profile x, the individual utility

function of user n is denoted as Un(x), which represents

the payoff of user n, accounting for the physical coupling

among users. For example, Un(x) can be the achieved data

rate or the satisfaction of quality of service (QoS) requirement

of user n under the strategy profile x. Note that in general the

underlying physical graph plays a critical role in determining

the individual utility Un(x). For example, users’ achieved data

rates are determined by the interference graph and channel

quality.

B. Social Network Graph Model
We next introduce the social graph model to describe the so-

cial ties among users. The underlying rationale of considering

social tie is that the hand-held devices are carried by human

beings and the knowledge of human social ties can be utilized

to enhance the performance of cooperative networking.
Specifically, we introduce the social graph Gs = {N , Es}

to model the social tie among the users. Here the vertex set

is the same as the user set N and the edge set is given as

Es = {(n,m) : esnm = 1, ∀n,m ∈ N} where esnm = 1 if and

only if users n and m have social tie between each other, which

can be kinship, friendship, or colleague relationship between

two users. Furthermore, for a pair of users n and m who have

a social edge between them on the social graph, we formalize

the strength of social tie as wnm ∈ [0, 1], with a higher value

of wnm being a stronger social tie. We define user n’s social
group N s

n as the set of users that have social ties with user n,

i.e., N s
n = {m : esnm = 1, ∀m ∈ N}.

Based on the physical and social graph models above,

users are coupled in the physical domain due to the physical

relationships, and also coupled in social domain due to the

social ties among them. It would be a win-win case for users

to help those users having social ties with them. With this

insight, we further define the social group utility of each user

n as

Sn(x) = Un(x) +
∑

m∈N s
n

wnmUm(x). (1)

It follows that the social group utility of each user consists
of two parts: 1) its own individual utility and 2) the weighted
sum of the individual utilities of other users having social tie
with it. In a nutshell, the social group utility function captures

the feature that each user is social-aware and cares about the

users having social tie with it.

C. Social Group Utility Maximization Game
We next consider the distributed decision making problem

among the users for maximizing their social group utilities.

Let x−n = (x1, ..., xn−1, xn+1, ..., xN ) be the set of strategies

chosen by all other users except user n. Given the other users’

strategies x−n, user n wants to choose a strategy xn ∈ Xn to

maximize its social group utility, i.e.,

max
xn∈Xn

Sn(xn, x−n), ∀n ∈ N .

The distributed nature of the problem above naturally leads

to a formulation based on game theory such that each user

	
��


������������� 	���
���������������������
� 
!������
"��������������������
�

�#��#$� 
!����%������##���
 
!������&'����
"# ("����%���"�#��!

Fig. 2. Different problem formulations for network optimization with different
users’ social awareness levels

aims to maximize its social group utility. We thus formulate

the decision making problem among the users as a strategic

game Γ = (N , {Xn}n∈N , {Sn}n∈N ), where the set of users

N is the set of players, Xn is the set of strategies for each

user n, and the social group utility function Sn of each user

n is the payoff function of player n. In the sequel, we call the

game Γ as the SGUM game. We next introduce the concept

of social-aware Nash equilibrium (SNE).

Definition 1. A strategy profile x∗ = (x∗
1, ..., x

∗
N ) is a social-

aware Nash equilibrium of the SGUM game if no player can
improve its social group utility by unilaterally changing its
strategy, i.e.,

x∗
n = arg max

xn∈Xn

Sn(xn, x−n), ∀n ∈ N .

It is worth noting that under different social graphs, the

proposed SGUM game formulation can provide rich flexibility

for modeling the network optimization problem (as illustrated

in Figure 2). When the social graph consists of isolated nodes

with wnm = 0 for any n,m ∈ N (i.e., all users are selfish),

the SGUM game degenerates to the non-cooperative game

formulation. When the social graph is fully meshed with edge

weight wnm = 1 for any n,m ∈ N (i.e., each user is fully

altruistic and cares enough about other users), the SGUM

game becomes the network utility maximization problem,

which aims to maximize the system-wide utility. The SGUM

framework in this study is applicable to general social graphs

and hence can bridge the gap between non-cooperative game

and network utility maximization – two traditionally disjoint

paradigms for network optimization.

The SGUM is a general framework that can be applied for

many networking applications. To get a more concrete sense

of the framework, in the following sections, we will focus on

studying its application in database assisted spectrum access.

III. SOCIAL GROUP UTILITY MAXIMIZATION FOR

DATABASE ASSISTED SPECTRUM ACCESS

In this section we apply the SGUM framework for the

database assisted spectrum access.

A. Social Group Utility Maximization Game Formulation

We consider a set of white-space users N = {1, 2, ..., N}
where N is the total number of users. We denote the set of

TV channels as M = {1, 2, ...,M}. According to the recent

ruling by FCC [6], to protect the incumbent primary TV users,

each white-space user n ∈ N will first send a spectrum

access request message containing its geo-location information

to a Geo-location database (see Figure 3 for an illustration).

The database then feeds back the set of vacant channels
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Fig. 3. An illustration of database assisted spectrum access

Mn ∈ M and the allowable transmission power level Pn

to user n. The ruling by FCC indicates that the allowable

transmission power limit for personal/portable white-space

devices (e.g., mobile phones) is 100 mW [6]. For ease of

exposition, we hence assume that each user n accesses the

white-space spectrum with the same power level. Each user n
then chooses a feasible channel an from the vacant channel

set Mn for data transmission. Although the database-assisted

approach obviates the need of spectrum sensing by individual

users, it remains challenging to achieve reliable distributed

spectrum access, because many different white-space users

may choose to access the same vacant channel and thus incur

severe interference to each other [14], [15].

To stimulate effective cooperation among users for interfer-

ence mitigation, we leverage the social ties among users and

apply the SGUM approach. To capture the physical coupling,

we construct the interference graph Gp = {N , Ep} based on

the interference relationships among users. Here the set of

white-space users N is the vertex set, and Ep � {(n,m) :
epnm = 1, ∀n,m ∈ N} is the edge set where epnm = 1 if and

only if users n and m can generate significant interference

and affect the data transmissions of each other. For example,

we can construct the interference graph Gp based on spatial

relationships of the users [16]. Let δ denote the transmission

range of each user. We then have epnm = 1 if and only if the

distance dnm between user n and m is not greater than the

threshold δ, i.e., dnm ≤ δ.

Let a = (a1, ..., aN ) ∈ ∏N
n=1 Mn be the channel selection

profile of all users. Given the channel selection profile a, the

interference received by user n can be computed as

γn(a) =
∑

m∈Np
n

Pmd−α
mnI{an=am} + ωn

an
. (2)

Here α is the path loss factor and I{A} is an indicator function

with I{A} = 1 if the event A is true and I{A} = 0 otherwise.

Furthermore, ωn
an

denotes the noisy power including the

interference from primary TV users on the channel an. We

then define the individual utility function Un(a) as

Un(a) = −γn(a) = −
∑

m∈Np
n

Pmd−α
mnI{an=am} − ωn

an
. (3)

Here the negative sign comes from the convention that utility

functions are typically the ones to be maximized. The indi-

vidual utility of user n reflects the fact that each user n has

interest to reduce its own received interference. To capture the

social coupling in the social graph Gs, we further introduce

the social group utility of each white-space user n according

to (1) as

Sn(a) = Un(a) +
∑

m∈N s
n

wnmUm(a). (4)

We then formulate the database assisted spectrum access

problem as a SGUM game Γ = (N , {Mn}n∈N , {Sn}n∈N ),
where the set of white-space users N is the set of players,

the set of vacant channels Mn is the set of strategies for each

player n, and the social group utility function Sn of each user

n is the payoff function of player n.

B. Properties of SGUM game

We next study the existence of SNE of the SGUM game for

database assisted spectrum access. Here we resort to a useful

tool of potential game [17].

Definition 2. A game is called a potential game if it admits
a potential function Φ(a) such that for every n ∈ N and
a−n ∈ ∏

i �=n Mi, for any an, a
′
n ∈ Mn,

Sn(a
′
n, a−n)− Sn(an, a−n) = Φ(a

′
n, a−n)− Φ(an, a−n).

(5)

An appealing property of the potential game is that it

always admits a Nash equilibrium, and any strategy profile that

maximizes the potential function Φ(a) is a Nash equilibrium

[17].

For the SGUM game Γ for database assisted spectrum

access, we can show that it is a potential game. For ease

of exposition, we first introduce the physical-social graph
Gsp = {N , Esp} to capture both physical coupling and social

coupling simultaneously. Here the vertex set is the same as

the user set N and the edge set is given as Esp = {(n,m) :
espnm � esnm · epnm = 1, ∀n,m ∈ N} where espnm = 1 if and

only if users n and m have social tie between each other

(i.e., esnm = 1) and can also generate interference to each

other (i.e., epnm = 1). We denote the set of users that have

social ties and can also generate interference to user n as

N sp
n = {m : espnm = 1, ∀m ∈ N}.

Based on the physical-social graph Gsp, we show in The-

orem 1 that the SGUM game Γ is a potential game with the

following potential function

Φ(a) =−1

2

N∑
n=1

∑
m∈Np

n

Pmd−α
mnI{an=am} −

N∑
n=1

ωn
an

︸ ︷︷ ︸
Φ1(a): due to Physical Coupling

−1

2

N∑
n=1

∑
m∈N sp

n

wnmPmd−α
mnI{an=am}

︸ ︷︷ ︸
Φ2(a): due to Social Coupling

. (6)

The potential function in (6) can be decomposed into

two parts: Φ1(a) and Φ2(a). The first part Φ1(a) reflects

the weighted system-wide interference level (including back-

ground noise) due to physical coupling in the physical domain

and the second part Φ2(a) captures the interdependence of

user utilities due to social coupling in the social domain.

Theorem 1. The SGUM game Γ for database assisted spec-
trum access is a potential game with the potential function
Φ(a) given in (6), and hence has a SNE.

The proof can be found in Appendix A. Note that when
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wnm = 0 for any user n,m ∈ N (i.e., all users are selfish),

the potential function Φ(a) = Φ1(a), which does not involve

the social coupling part Φ2(a). In this case, the SGUM game

Γ for database assisted spectrum access degenerates to the

non-cooperative spectrum access game. When wnm = 1 for

any user n,m ∈ N (i.e., all users are fully altruistic), the

potential function Φ(a) =
∑N

n=1 Un(a), which is the system-

wide utility. In this case, the SGUM becomes the network

utility maximization.

We next design a distributed spectrum access algorithm that

can achieve the SNE of the SGUM game Γ for database

assisted spectrum access.

IV. DISTRIBUTED SPECTRUM ACCESS ALGORITHM FOR

SOCIAL GROUP UTILITY MAXIMIZATION

In this section we study the distributed spectrum access

algorithm design.

A. Algorithm Design Principles

According to the property of potential game, any channel

selection profile a that maximizes the potential function Φ(a)
is a Nash equilibrium [17]. We hence design a distributed

spectrum access algorithm that achieves the SNE of the SGUM

Γ by maximizing the potential function Φ(a).
To proceed, first consider the problem that the users collec-

tively compute the optimal channel selection profile such that

the potential function is maximized, i.e.,

max
a∈Ω�∏N

n=1 Mn

Φ(a). (7)

The problem (7) involves a combinatorial optimization over

the discrete solution space Ω. In general, it is very challenging

to solve such a problem exactly especially when the system

size is large (i.e., the solution space Ω is large).

With this observation, it is plausible to search for approxi-

mate solutions to the potential function maximization problem.

To this end, rewrite

We then consider to approach the potential function maxi-

mization solution approximately. To proceed, we first write the

problem (7) as the following equivalent randomized problem:

max
(qa≥0:a∈Ω)

∑
a∈Ω qaΦ(a) (8)

s.t.
∑

a∈Ω qa = 1,
where qa is the probability that channel selection profile a is

adopted. Obviously, the optimal solution to problem (8) is to

choose the optimal channel selection profiles with probability

one. It is known from the Markov approximation approach in

[18] that problem (8) can be approximated by the following

convex optimization problem:

max
(qa≥0:a∈Ω)

∑
a∈Ω qaΦ(a)− 1

θ

∑
a∈Ω qa ln qa (9)

s.t.
∑

a∈Ω qa = 1,
where θ is the parameter that controls the approximation

ratio. Note that the approximation in (9) can guarantee the

asymptotic optimality. This is because that when θ → ∞, the

problem (9) boils down to exactly the same as problem (8).

That is, when θ → ∞, the optimal solutions that maximize the

potential function Φ(a) will be selected with probability one.

Algorithm 1 Distributed Spectrum Access Algorithm For

Social Group Utility Maximization

1: initialization:
2: set the parameter θ and the channel update rate τn.

3: choose a channel an ∈ Mn randomly for each user

n ∈ N .
4: end initialization

5: loop for each user n ∈ N in parallel:

6: compute the social group utility Sn(an, a−n) on the

chosen channel an.

7: generate a timer value following the exponential dis-

tribution with the mean equal to 1
τn

.

8: count down until the timer expires.

9: if the timer expires then
10: choose a new channel a

′
n ∈ Mn randomly.

11: compute the social group utility Sn(a
′
n, a−n) on

the new channel a
′
n.

12: stay in the new channel a
′
n with probability

exp
(
θSn(a

′
n,a−n)

)

max{exp(θSn(a
′
n,a−n)),exp(θSn(an,a−n))} , Or move back

to the original channel an with probability 1 −
exp

(
θSn(a

′
n,a−n)

)

max{exp(θSn(a
′
n,a−n)),exp(θSn(an,a−n))} .

13: end if
14: end loop

Moreover, the approximation in (9) enables us to obtain the

close-form solution, which facilitates the distributed algorithm

design later. More specifically, by the KKT conditions [19],

the optimal solution to problem (9) is given as

q∗a =
exp(θΦ(a))∑

â∈Ω exp(θΦ(â))
. (10)

Based on (10), we then design a self-organizing algorithm

such that the asynchronous channel selection updates of the

users form a Markov chain (with the system state as the

channel selection profile a of all users). As long as the Markov

chain converges to the stationary distribution as given in

(10), we can approach the Nash equilibrium channel selection

profile that maximizes the potential function by setting a large

enough parameter θ.

B. Markov Chain Design for Distributed Spectrum Access

Motivated by the seminal work on the adaptive CSMA

mechanism [2], we propose a distributed spectrum access

algorithm in Algorithm 1 such that each user n updates its

channel selection according to a timer value that follows the

exponential distribution with a rate of τn. Note that the study

in [2] focuses on the network utility maximization, while in

this paper we consider the social group utility maximization,

which results in significant differences in analysis.

Appealing to the property of exponential distributions, we

have that the probability that more than one users generate the

same timer value and update their channels simultaneously

equals zero. Since one user will activate for the channel

selection update at a time, the direct transitions between two
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system states a and a
′

are feasible if these two system states

differ by one and only one user’s channel selection. We also

denote the set of system states that can be transited directly

from the state a as Δa = {a′ ∈ Ω : |{a′∪a}\{a′∩a}| = 2},

where | · | denotes the size of a set. According to (4), a

user n can compute the social group utility Sn(a) by locally

enquiring the users having social ties with it about their

received interferences. Then user n will randomly choose a

new channel a
′
n ∈ Mn and stay in this channel with a

probability of

exp
(
θSn(a

′
n, a−n)

)

max{exp (θSn(a
′
n, a−n)) , exp (θSn(an, a−n))} . (11)

The underlying intuition behind (11) is as follows. When

Sn(a
′
n, a−n) ≥ Sn(an, a−n) (i.e., the new channel a

′
n offers

the better performance), user n will stay in the new channel

a
′
n with probability one. According to the property of potential

game in (5), we know that choosing the new channel a
′
n

can help to increase both user n’s social group utility Sn(a)
and the potential function Φ(a) of the SGUM game. When

Sn(a
′
n, a−n) < Sn(an, a−n) (i.e., the original channel an

offers the better performance), user n will switch back to the

original channel an with a probability of 1− exp
(
θSn(a

′
n,a−n)

)

exp(θSn(an,a−n))
.

That is, the probability that user n will switch back to

the original channel an increases with the performance gap

Sn(an, a−n)−Sn(a
′
n, a−n). We would like to emphasize that

such probabilistic channel selections are necessary such that

all the users can explore the feasible channel selection space to

prevent the algorithm from getting stuck at a local optimum.
Then from a system-wide perspective, the probability of

transition from state (an, a−n) to (a
′
n, a−n) due to user n’s

channel selection update is given as

1

|Mn|
exp

(
θSn(a

′
n, a−n)

)

max{exp (θSn(a
′
n, a−n)) , exp (θSn(an, a−n))} .

(12)

Since each user n activates its channel selection update ac-

cording to the countdown timer mechanism with a rate of τn,

hence if a
′ ∈ Δa, the transition rate from state a to state a

′

is given as

qa,a′ =
τn

|Mn|
exp

(
θSn(a

′
n, a−n)

)

max{exp (θSn(a
′
n, a−n)) , exp (θSn(an, a−n))} .

(13)

Otherwise, we have qa,a′ = 0. We show in Theorem 2

that the spectrum access Markov chain is time reversible.

Time reversibility means that when tracing the Markov chain

backwards, the stochastic behavior of the reverse Markov

chain remains the same. A nice property of a time reversible

Markov chain is that it always admits a unique stationary

distribution, which is independent of the initial system state.

This implies that given any initial channel selections the

distributed spectrum access algorithm can drive the system

converging to the stationary distribution given in (10).

Theorem 2. The distributed spectrum access algorithm in-
duces a time-reversible Markov chain with the unique station-
ary distribution as given in (10).

Due to space limit, the proof is given in the online technical

report [20]. One key idea of the proof is to show that the

distribution in (10) satisfies the following detailed balance

equations: q∗aqa,a′ = q∗
a′ qa′ ,a, ∀a,a

′ ∈ Ω.

C. Performance Analysis

According to Theorem 2, we can achieve the SNE that

maximizes the potential function Φ(a) of the SGUM game Γ
by setting θ → ∞. However, in practice one has to choose only

implement a finite value of θ. Let Φ̄ =
∑

a∈Ω q∗aΦ(a) be the

expected potential by Algorithm 1 and Φ∗ = maxa∈Ω Φ(a)
be the maximum potential. We show in Theorem 3 that, when

a large enough θ is adopted in practice, the gap between Φ̄
and Φ∗ is very small.

Theorem 3. For the distributed spectrum access algorithm,
we have that 0 ≤ Φ∗ − Φ̄ ≤ 1

θ

∑N
n=1 ln |Mn|, where |Mn|

denotes the number of vacant channels of user n.

Due to space limitation, the proof is given in the online

technical report [20]. We next discuss the efficiency of the

SNE by the distributed spectrum access algorithm when θ
is sufficiently large (i.e., θ → ∞). Let V (a) be the total

individual utility received by all the users under the channel

selection profile a, i.e., V (a) =
∑N

n=1 Un(a). We denote

a as the NUM solution that maximizes the system-wide

utility (i.e., a = argmaxa∈Ω V (a)) and â as the conver-

gent SNE by the distributed spectrum access algorithm (i.e.,

â = argmaxa∈Ω Φ(a)). We then define the performance gap ρ
as the difference between the total utility received at the NUM

solution a and that of the SNE â, i.e., ρ = V (a)−V (â). We

can show the following result.

Theorem 4. The performance gap ρ of the SNE by the
distributed spectrum access algorithm is at most
1

2

N∑
n=1

∑
m∈N sp

n

(1− wnm)Pmd−α
mn +

1

2

N∑
n=1

∑
m∈Np

n\N sp
n

Pmd−α
mn.

Proof. According to (2) and (6), we have that

V (a) =
N∑

n=1

Un(a) = −
N∑

n=1

∑
m∈Np

n

Pmd−α
mnI{an=am} −

N∑
n=1

ωn
an

=Φ(a)− 1

2

N∑
n=1

∑
m∈N sp

n

(1− wnm)Pmd−α
mnI{an=am}

− 1

2

N∑
n=1

∑
m∈Np

n\N sp
n

Pmd−α
mnI{an=am}.

We then have that

ρ =V (a)− V (â) = Φ(a)− Φ(â)

− 1

2

N∑
n=1

∑
m∈N sp

n

(1− wnm)Pmd−α
mn

(
I{an=am} − I{ân=âm}

)

− 1

2

N∑
n=1

∑
m∈Np

n\N sp
n

Pmd−α
mn

(
I{an=am} − I{ân=âm}

)
.

(14)
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Since Φ(â) = maxa∈Ω Φ(a) ≥ Φ(a) and V (a) =
maxa∈Ω V (a) ≥ V (â), we know from (14) that

ρ ≤1

2

N∑
n=1

∑
m∈N sp

n

(1− wnm)Pmd−α
mn

(
I{ân=âm} − I{an=am}

)

+
1

2

N∑
n=1

∑
m∈Np

n\N sp
n

Pmd−α
mn

(
I{ân=âm} − I{an=am}

)

≤1

2

N∑
n=1

∑
m∈N sp

n

(1− wnm)Pmd−α
mn +

1

2

N∑
n=1

∑
m∈Np

n\N sp
n

Pmd−α
mn.

Theorem 4 indicates that the upper-bound of the perfor-

mance gap ρ decreases as the strength of social tie wnm among

users increases. When wnm = 0 for any user n,m ∈ N (i.e.,

all users are selfish), the social group utility maximization

game Γ degenerates to the non-cooperative spectrum access

game and the upper-bound of the performance gap ρ reaches

the maximum of 1
2

∑N
n=1

∑
m∈Np

n
Pmd−α

mn. When wnm = 1
for any user n,m ∈ N (i.e., all users are fully altruistic),

the SGUM becomes the NUM and the performance gap

ρ = 0. In Section V, we also evaluate the performance of the

SGUM solution by real social data traces. Numerical results

demonstrate that the performance gap between the SGUM

solution and the NUM solution is at most 15%.

V. NUMERICAL RESULTS

In this section, we evaluate the SGUM solution for database

assisted spectrum access by numerical studies based on both

Erdos-Renyi social graphs and real trace based social graphs.

A. Social Graph with 8 White-Space Users

We first consider a database assisted spectrum access net-

work consisting of M = 5 channels and N = 8 white-space

users, which are scattered across a square area of a length of

500 m (see Figure 4). The transmission power of each user

is Pn = 100 mW [6], the path loss factor α = 4, and the

background interference power ωn
m for each channel m and

user n is randomly assigned in the interval of [−100,−90]
dBm. Each user n has a different set of vacant channels by

consulting the geo-location database. For example, the vacant

channels for user 1 are {2, 3, 4}. For the interference graph

Gp, we define that the user’s transmission range δ = 1000
m and two users can generate inference to each other if their

distance is not greater than δ. The social graph Gs is given in

Figure 4 where two users have social tie if there is an edge

between them and the numerical value associated with each

edge represents the strength of social tie.

We implement the proposed distributed spectrum access

algorithm for the SGUM game with different parameters θ in

Figure 5. We see that the convergent potential function value

Φ of the SGUM game increases as the parameter θ increases.

When the parameter θ is large enough (e.g., θ ≥ 106), the

algorithm can approach the maximum potential function value

Φ∗ = maxa Φ(a). Figure 6 shows the dynamics of user’s time

average interference γn(a). It demonstrates that the distributed

spectrum access algorithm can drive users’ time average

interference decreasing and converging to an equilibrium such

that each user only receives a small interference level. To

verify that the algorithm can approach the SNE of the SGUM

game, we show the dynamics of the potential value Φ(a) in

Figure 7. We see that the distributed spectrum access algorithm

can drive the potential value Φ increasing and approach the

maximum potential value Φ∗. According to the property of

potential game, the algorithm hence can approach the SNE of

the SGUM game.

B. Erdos-Renyi Social Graph

We then consider N = 100 users that randomly scattered

across a square area of a length of 2000 m. We evaluate

the SGUM game solution by the distributed spectrum access

algorithm with the social graph represented by the Erdos-

Renyi (ER) graph model [21], where a social link exists

between any two users with a probability of PL. We set

the strength of social tie wnm = 1 for each social link.

To evaluate the impact of social link density of the social

graph, we implement the simulations with different social link

probabilities PL = 0, 0.1, ..., 1.0, respectively. For each given

PL, we average over 100 runs. To benchmark the SGUM

solution, we also implement the the following two solutions:

(1) Non-cooperative spectrum access: we implement the

non-cooperative game based solution such that each user aims

to maximize its individual utility, i.e., we set Sn(a) = Un(a)
in the distributed spectrum access algorithm.

(2) Network utility maximization: we implement the social

optimal solution such that the system-wide utility is maxi-

mized, i.e., we set Sn(a) =
∑N

n=1 Un(a) in the distributed

spectrum access algorithm.

Similar to the price of anarchy in non-cooperative game

[22], we normalize the system-wide interference of these

solutions with respect to that of the social optimal solution

(i.e., network utility maximum solution). The results are given

in Figure 8. We see that the performance of the SGUM

solution always dominates that of the non-cooperative spec-

trum access. This is non-trivial since non-cooperative game

promotes the competition among users to increase the system-

wide utility and has been widely adopted to devise efficient

distributed resource allocation mechanisms in wireless net-

works [3]. Moreover, we observe that the performance gain

of the SGUM solution increases as the social link probability

PL increases. When the social link probability PL = 1,

the SGUM solution achieves the same performance of the

network utility maximization and can reduce 23% system-

wide interference over the non-cooperative spectrum access.

This also demonstrates that the proposed SGUM framework

spans the continuum space between non-cooperative game and

network utility maximization – two extreme paradigms based

on drastically different assumptions that users are selfish and

altruistic, respectively.
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C. Real Trace Based Social Graph

We next evaluate the SGUM solution by the distributed

spectrum access algorithm based on the social graph rep-

resented by the friendship network of the real data trace

Brightkite [23]. We implement experiments with the number of

users N = 200, 300, ..., 600, respectively. As the benchmark,

we also implement the solutions of non-cooperative spectrum

access and network utility maximization.

The results are shown in Figure 9. We see that the non-

cooperative spectrum access solution will increase the system-

wide interference up-to 29% over the network utility maxi-

mization solution. Upon comparison, the system-wide inter-

ference by the the SGUM solution will increase at most 15%,

compared with the network utility maximization solution. This

verifies the effectiveness of leveraging social tie to stimulate

user cooperation for achieving efficient distributed spectrum

access in practices.

VI. CONCLUSION

In this paper, we have developed a general SGUM frame-

work that highlights the interplay between the physical cou-

pling and the social coupling among users. We showed that

the SGUM framework can provide rich modeling flexibility

and span the continuum space between non-cooperative game

and network utility maximization. In particular, we have

studied the application in database assisted spectrum access

under this framework. We showed that the SGUM game

for database assisted spectrum access problem is a potential

game and always admits a social-aware Nash equilibrium. We

also designed a distributed spectrum access algorithm that

can achieve the social-aware Nash equilibrium. We further

evaluated the performance of the algorithm based on and real

trace based social graphs. Numerical results demonstrate that

the performance gap between the SGUM solution and the

NUM solution is at most 15%.

We are currently studying the SGUM to build a thorough

understanding of the impact of social behavior on networking

performance. Beyond the potential game approach in this

paper, one can resort to other powerful tools such as super-
modular game to characterize social-aware Nash equilibrium

and design distributed algorithm accordingly. We believe that

this framework will open a new door for future networking

system design by exploiting social interactions.

APPENDIX

A. Proof of Theorem 1

Suppose that a user k changes its channel ak to a
′
k such

that the channel selection profile changes from a to a
′
. We

have that

Φ(a
′
)− Φ(a) = Φ1(a

′
)− Φ1(a) + Φ2(a

′
)− Φ2(a). (15)

For the part Φ1, we have that

Φ1(a
′
)− Φ1(a)

=− 1

2

∑
m∈Np

k

Pmd−α
mkI{a′

k=am} −
1

2

∑
n�=k

∑
k∈Np

n

Pkd
−α
kn I{an=a

′
k}
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− ωk
a
′
k

+
1

2

∑
m∈Np

k

Pmd−α
mkI{ak=am}

+
1

2

∑
n�=k

∑
k∈Np

n

Pkd
−α
kn I{an=ak} + ωk

ak
. (16)

Since users access the spectrum with the same power level

and the interference relationship and distance measurement

are symmetry, we know that∑
n �=k

∑
k∈Np

n

Pkd
−α
kn =

∑
n∈Np

k

Pkd
−α
kn =

∑
n∈Np

k

Pnd
−α
nk . (17)

Combining (16) and (17), we have that

Φ1(a
′
)− Φ1(a)

=− 1

2

∑
m∈Np

k

Pmd−α
mkI{a′

k=am} −
1

2

∑
n∈Np

k

Pnd
−α
nk I{an=a

′
k} − ωk

a
′
k

+
1

2

∑
m∈Np

k

Pmd−α
mkI{ak=am} +

1

2

∑
n∈Np

k

Pnd
−α
nk I{an=ak} + ωk

ak

=−
∑

m∈Np
k

Pmd−α
mkI{a′

k=am} − ωk
a
′
k

+
∑

m∈Np
k

Pmd−α
mkI{ak=am} + ωk

ak

=− γk(a
′
) + γk(a) = Uk(a

′
)− Uk(a). (18)

Similarly, for the part Φ2, we have that

Φ2(a
′
)− Φ2(a)

=
∑

n∈N sp
k

wkn

(
−Pkd

−α
kn I{an=a

′
k} + Pkd

−α
kn I{an=ak}

)

=
∑

n∈N sp
k

wkn×
⎛
⎝−Pkd

−α
kn I{an=a

′
k} −

∑
m �=k

∑
m∈Np

n

Pmd−α
mnI{an=am} − ωk

an

+Pkd
−α
kn I{an=ak} +

∑
m �=k

∑
m∈Np

n

Pmd−α
mnI{an=am} + ωk

an

⎞
⎠

=
∑

n∈N sp
k

wkn

(
−γn(a

′
) + γn(a)

)

=
∑

n∈N sp
k

wkn

(
Un(a

′
)− Un(a)

)
. (19)

Finally, substituting (18) and (19) into (15), we obtain that

Φ(a
′
)− Φ(a)

=Uk(a
′
)− Uk(a) +

∑
n∈N sp

k

wkn

(
Un(a

′
)− Un(a)

)
.(20)

Since user k can not generate interference to any user n ∈
N s

k \N sp
k , we have that

Un(a
′
) = Un(a), ∀n ∈ N s

k \N sp
k .

This implies that

Φ(a
′
)− Φ(a)

=Uk(a
′
)− Uk(a) +

∑
n∈N sp

k

wkn

(
Un(a

′
)− Un(a)

)

+
∑

n∈N s
k\N sp

k

wkn

(
Un(a

′
)− Un(a)

)

=Uk(a
′
)− Uk(a) +

∑
n∈N s

k

wkn

(
Un(a

′
)− Un(a)

)
,

which completes the proof.
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