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Abstract—The massive scale of online social networks makes
it very challenging to characterize the underlying structure
therein. In this paper, we employ the t-cherry junction tree,
a very recent advancement in probabilistic graphical models,
to develop a compact representation and good approximation
of an otherwise intractable model for users’ relationships in
a social network. There are a number of advantages in this
approach: 1) the best approximation possible via junction trees
belongs to the class of t-cherry junction trees; 2) constructing a t-
cherry junction tree can be largely parallelized; and 3) inference
can be performed using distributed computation. To improve
the quality of approximation, we also devise an algorithm to
build a higher order tree gracefully from an existing one,
without constructing it from scratch. We apply this approach
to Twitter data containing 100,000 nodes and study the problem
of recommending connections to new users.

I. INTRODUCTION

Over the past decade, online social networks have exploded
in popularity. For instance, Facebook has grown to 1.11 billion
users since its inception in 2004 [1]. People with smartphones
are seemingly constantly connected to multiple online social
networks, such as Twitter, Facebook, or Tumblr. Even the
largest social networks continue to grow at a rapid pace. For
example, in May of 2013, it was measured that approximately
135,000 new users signed up for Twitter every day [2].

The enormous scale of social networks highlights the need
for a systematic quantification of social relationships of users
that can be updated efficiently. Clearly, an exact characteriza-
tion of the joint distribution of all possible social relationships
in a social network is impossible in practice, and performing
perfect inference would be computationally infeasible. To
address these challenges, we propose a framework building on
a recently developed tool in probabilistic graphical models to
approximate this joint distribution: the t-cherry junction tree,
first proposed in [3]. A t-cherry junction tree is a structure
that has theoretical guarantees on accuracy of approximation,
as well as allowing for efficient, exact inference once it is
constructed. Other graphical models are often used, such as
factor graphs [4], but these offer no guarantees on their approx-
imation and may not convergence when performing inference
[5]. Notably, when using a junction tree, any dependence
loops among random variables, which often occur in social
relationships, can be easily handled by incorporating those
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random variables into a single cluster. Further, the t-cherry
junction tree is a data-driven approach, which does not require
a specific model of user relationships. In a nutshell, this
approach is tailored to offer a rigorous characterization of
social ties, as opposed to approaches based on heuristics. We
also demonstrate the flexibility of the t-cherry junction tree by
developing methods to build a higher order t-cherry junction
tree approximation without constructing it from scratch.

Given the massive scale, accurate mining and approximation
of large social networks cannot be computed quickly on a
single machine. The amount of data to be processed calls for
parallel (cloud) computing. A vital strength of the junction
tree structure is the ease in which building and utilizing this
structure can be parallelized, which is another subject of this
study.

To demonstrate the utility of this new approach for char-
acterizing users’ relationships, we investigate a specific appli-
cation, namely recommending connections to new users of a
social network. This is an important problem as online social
networks remain committed to attracting and keeping new
users. Once a new user has created an account, ensuring that
this new user is actively connected to the online community
is an important method to retain new users. A user with
many connections in the social network receives more updates
more frequently than one with only a handful of connections.
Therefore, it is important to recommend potential connections
in which a new user may be interested. As a new user begins
to form online relationships, the probabilities of forming
relationships to different users are likely to change due to the
new information gained.

For this application, we seek to predict whether a user
new to the online social network will form a relationship to
others in the social network. For ease of reference, we call
this problem the new user recommendation problem, which
is related to the traditional “link prediction problem” [6]. In
traditional link prediction, the set of users in the network
remains fixed while links are added between them over a
period of time. Thus there are no new users to consider, and
the timescale of interest is typically long as links may form
slowly over time. Rather than having a fixed node set, the
problem we study is to model the links that a new user, not
a node previously in the network, will add to users currently
in the network. In general, new users add connections in a
social network much faster than long-time users. Thus, in
the timescale under consideration, connections between users
already in the network remain relatively static, whereas the
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new user will potentially make many new connections.

We investigate this problem from a purely topological
viewpoint: we assume that the connections between users are
the only data available. We do not incorporate attribute data
of the users, as other works have [4] [7]. Once a new user
begins to make connections to other users in the network, the
probability that this user will connect with different users in
the network must be updated so that the most likely social
connections are recommended.

We summarize below the main contributions in modeling
social relationships using a t-cherry junction tree.

o We develop a framework based on the t-cherry junction
tree to approximate the underlying social relationships
in a large-scale social network. Building on the greedy
algorithm in [8], we construct a t-cherry junction tree
by parallelizing most of the computations. Further, we
present an exact method to test if each possible entry
is valid by formalizing the characteristics of a t-cherry
junction tree.

o We devise a scheme involving two algorithms to construct
a higher order t-cherry junction tree in order to improve
the approximation. This process is orders of magnitude
faster than computing a higher-order tree from scratch,
and indeed simulations indicate that the resulting higher
order approximation reduces the KL-divergence by 150%
compared to the original one. The two main steps in this
scheme are: I) the order update step, in which each cluster
adds a random variable from one of its neighboring
clusters, and hence changes a k-order t-cherry junction
tree to a (k+1)-order junction tree (not necessarily a t-
cherry junction tree); II) the t-cherry conversion process,
which takes the resulting junction tree and refines each
connection between clusters to reestablish the t-cherry
property, while simultaneously greedily minimizing the
Kullback-Leibler divergence between the approximation
and the true distribution.

o This new framework is applied to the specific problem
of recommending the most likely social connections to a
new user by using a 100,000 user Twitter dataset. First, an
existing tool, METIS [9], is used to partition the social
graph into 1,560 disjoint subgraphs. For each of these
subgraphs, a 4-order t-cherry junction tree is constructed,
and then these individual trees are joined together using
a slight variant of the t-cherry conversion process. The
resulting KL-divergence between the t-cherry junction
tree and the joint distribution is calculated explicitly,
which is novel as the size of the joint distribution pre-
vents a direct computation. Additionally, we leverage this
structure to perform inference to update the probability of
social relationships as new relationships form. Updating
these probabilities is performed in a few minutes, despite
involving 100,000 random variables.

The organization of the rest of the paper is as follows.
We begin with an introduction to the t-cherry junction tree
in Section II and present a method for constructing it in

Section III. In Section IV, a process to gracefully improve the
approximation given by a t-cherry junction tree is developed.
The application of these tools to the new user recommendation
problem is then presented in Section V. We conclude the paper
in Section VI

II. T-CHERRY JUNCTION TREES

Denote the underlying joint distribution, containing /N ran-
dom variables, as p(Xi,...,Xy). When N is large, com-
puting this joint distribution directly is generally too costly.
Instead, a junction tree is created to approximate this distri-
bution by using only “marginal” distributions corresponding
to a small subset of random variables. Every junction tree has
an underlying Markov random field that corresponds to the
dependence structure inherent in the junction tree.

Definition 2.1: A junction tree is a tree structure over a
variable set X1, ..., Xy with the following properties:

1) Each node of the junction tree is a subset of random
variables, denoted X, and is called a cluster. Associ-
ated with each cluster is the distribution p(X¢). These
clusters represent the maximal cliques of the associated
Markov random field.

2) Every edge connecting two clusters in the junction tree
contains a separator. A separator is a subset of random
variables containing the intersection of the two clusters
being linked: Xg = X, N X¢,. As with clusters, each
separator has the distribution p(Xg) associated with it.

3) If a random variable is contained in two different
clusters, it is also contained in every cluster on the
path between those two. This is called the running
intersection property.

4) The union of all clusters is the entire set of random
variables X1,..., Xy.

Additionally, the treewidth of a junction tree is defined as
the number of variables within the largest cluster. A slightly
less restrictive concept than the junction tree is the clique tree.
The difference is that a clique tree does not necessarily satisfy
the running intersection property.

In order to characterize the quality of the junction tree
approximation, we denote the entropy of a random variable
X as H(X) and the entropy of a random vector X as
H(X). Also, define the information content of a random
vector X = [Xy,..., Xg] as

p(X) ) . 0

I(X) = ;p(X) log (p(Xl)...p(Xk)

Using these definitions, the quality of the approximation is
given by the following result [8].

Lemma 2.1: The Kullback-Leibler divergence between a
junction tree approximation and the actual distribution is:

KL(psr(X),p(X)) = - H(X) - Y I(Xc)
Xc€ecl
N

+ ) (s = DI(Xs)+ Y H(X)),

Xs€eS i=1
2
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where vg is the number of clusters which contain all of the
variables in separator S.

Noting that the first and last terms of the expression do not
depend on the junction tree, the closest approximation for a
fixed treewidth is formed by constructing the set of clusters
and separators to maximize the weight of the junction tree,
defined as

w = Z I(Xc) - Z (vs — 1)I(Xs). (3)

Xcel XseS

However, finding the tree that maximizes the weight is an NP-
hard problem [8]. Despite this challenge, there is a subclass
of junction trees that is guaranteed to contain the maximum
weight junction tree: t-cherry junction trees.

The t-cherry junction tree was originally derived from
the t-cherry tree [10] and the simplex m-multitree [11]. We
define the t-cherry junction tree in a slightly different, though
equivalent, manner than it was originally presented in [3].

Definition 2.2: The k-order t-cherry junction tree is a
junction tree with the following properties:

1) Each cluster contains k random variables.
2) Every separator contains k-1 random variables.

Thus two connected clusters, denoted C; and Cs, each
contain a single random variable not contained in the other
cluster. That is, |C} \ Ca| =1, and |Co \ C;| = 1.

We emphasize that the class of k-order t-cherry junction
trees is important because the junction tree with the largest
weight and hence the closest approximation to the actual
distribution, is a member of this class [8].

Lemma 2.2: In the class of all k-width junction trees, the
k-order t-cherry junction tree having the greatest weight is the
best approximation to the actual distribution.

III. DATA-DRIVEN CONSTRUCTION OF A T-CHERRY
JUNCTION TREE

As the class of t-cherry junction trees is guaranteed to
contain the best possible approximation among all k-order
junction trees, we next investigate how to build a t-cherry
junction tree. To this end, we develop an algorithm and show
that the running time of this algorithm can be drastically
reduced via parallel computation.

As mentioned above, constructing an optimal k-order t-
cherry junction tree is an NP-hard problem. Based on [12],
we design a greedy algorithm to construct a k-order t-cherry
junction tree. It is worth noting that there are two key issues
we resolve here. First, the process of checking if a cluster-
separator pair is a valid addition is now explicitly formulated,
and efficiently implemented by two checks. Our second con-
tribution is to parallelize the process of listing all possible
cluster-separator pairs, which allows the tree to be constructed
significantly faster.

The basic idea of this algorithm is as follows. It begins
by listing all possible clusters-separator pairs, and then orders
them by weight. It selects the heaviest cluster-separator pair
and adds it to the junction tree if the resulting clique tree is
a valid t-cherry junction tree. If that cluster-separator pair is

not a valid addition, it is discarded and the next heaviest pair
is evaluated. This algorithm is motivated by the Chow-Liu
algorithm for constructing a second order approximation [13],
and indeed this algorithm is exactly the Chow-Liu algorithm
when k is set to two. The output of this algorithm is a t-
cherry junction tree, represented by a set of clusters C and set
of separators S, and a listing of the parent for each cluster.
As clusters are added to the t-cherry junction tree, these sets
are updated.

As presented in Algorithm 1, the construction has two
phases: the first phase is table construction, and the second is
cluster addition. It begins with the table construction phase.
First, a table T listing all of the & (JZ ) possible cluster-separator
pairs is constructed. That is, a list is made of all of the (ZIX )
subsets of size k as clusters, and for each cluster, all of the
k possible choices for the separator are listed. Denote each
cluster-separator pair entry, with the cluster labeled as C’ and
the separator as .S’, in table T as follows: set T'(z,1) = C"\ S’
and T'(¢,2) = S’. The single variable C’ \ S’ is called
the dominating vertex of the cluster [11]. For each of the
k(%) entries in table 7', calculate the weight of the entry as
w=I(X¢)—I(Xg ) and set T'(i,3) = w. Next, this table is
sorted by heaviest weight, and the sorted table is labeled 7.

After the table T™ is constructed, the cluster addition phase
takes place. Starting with an “empty” junction tree, determine
whether the heaviest remaining entry can be added to the
junction tree. Each cluster, aside from the first cluster entered,
will have a parent associated with it. To facilitate checking if
the cluster-separator addition is valid, maintain a binary vector
of all nodes currently represented in the junction tree. This
vector is denoted V, where V' (v) = 1 represents that variable
v is contained in at least one cluster in the junction tree.

Next, we examine the condition under which a cluster-
separator pair can be added and maintain a valid t-cherry
junction tree. The variables in S’ must be contained within
another cluster to have a valid parent. If the dominating vertex
of C’ is already in a cluster of the network, then this cluster-
separator pair is not a valid addition because there are only
two possible manners in which this occurs, neither of which
results in a valid t-cherry junction tree. The first possibility is
that the dominating vertex is also contained within the parent
cluster. This results in the two clusters being identical, which
is not valid as the separator would contain k variables. The
other possibility is that the dominating vertex is contained
within a cluster in the tree that is not the parent cluster. As
the dominating vertex is not in S’, the running intersection
property would be invalidated.

Though this approach is heuristic and cannot guarantee that
the t-cherry junction tree created has the global maximum
weight, it has the benefit of being largely parallelizable to
decrease the overall running time. Other methods for con-
structing a junction tree have been proposed, but these methods
operate by selecting links in the underlying Markov random
field individually in a step-by-step manner [14] [15]. However,
these methods cannot be parallelized and are applicable to only
small datasets.
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Algorithm 1 Greedy Algorithm for Constructing a k-Order
t-Cherry Junction Tree
C=T*(1,1)uT*(1,2)
S=0
V(T*(1,1)uT*(1,2)) =1
i =2
while Jv such that V(v) = 0 do
d =T*(i,1)
S =1T*(i,2)
c'=duys
if V(d') = 0 then
for j=1:|C| do
C=C(j)
if S’ C C then
parent(C") = C

c=cuc’
S=8Suys
Vd)=1
break loop
end if
end for
end if
i=1+1
end while
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Fig. 1: Time of each phase of building a t-cherry junction tree

It can be shown that the overall time to construct a junction
tree is dominated by the table construction phase on average,
and therefore decreasing the time needed to construct the
table will greatly decrease the time needed to build a t-cherry
junction tree. To get a more concrete sense, we run the greedy
algorithm using a Twitter data set [16], using 15 binary random
variables and vary the width of the tree generated from 2
to 14. From this Twitter data set, we select the 500 nodes
with the most connections and randomly select 15 nodes for
each iteration. The results for each treewidth were averaged
over 200 runs. The average times needed to generate the table
for different treewidths and the average time to construct the
junction tree are shown in Fig. 1. Clearly, the time to generate
the table is several orders of magnitude larger than the time
needed to construct the junction tree for all treewidths.

As the performance bottleneck of this approach is the table

construction phase, we use parallel computing to decrease the
runtime. This parallel computation can be exported via cloud
computing [17] in order to drastically reduce the time needed
to construct a t-cherry junction tree. Each entry of the table
can be computed separately from every other entry and then
these individual entries can be sorted by weight to form the
complete table.

IV. A CLOSER APPROXIMATION: FROM K-ORDER TO
(K+1)-ORDER

While low order t-cherry junction trees can be constructed
quickly, constructing high order ones from scratch would be
formidable. In order to improve the approximation generated
by a low order t-cherry junction tree, we propose an iterative
method to update a k-order t-cherry junction tree to (k+1)-
order gracefully, which refers to using an incremental process
based on the previously constructed k-order tree. There are
two steps to this process. The first step is the order update
process, by which each cluster is expanded from k variables to
k+1 variables. This step maintains the junction tree structure,
but cannot guarantee that the t-cherry property is retained.
Reestablishing the t-cherry property is the second step, namely
via t-cherry conversion.

A. The Order Update Process

Clearly, the first step of updating from a given k-order t-
cherry junction tree to a (k+1)-order junction tree is to add a
“good” variable to each cluster. We develop an algorithm to
add a variable to each cluster by including a variable contained
in a neighboring cluster. The variable added to a cluster must
be from one of its neighboring clusters in order to satisfy the
running intersection property, or else the result would be a
clique tree, not a junction tree.

The algorithm we design to perform this process is called
the Order Update Algorithm, and it operates by implement-
ing a series of update steps, each of which is the process of
adding a variable to a cluster, until each cluster in the junction
tree is of size k+1. Each update step consists of adding an
additional variable to an eligible cluster, a cluster which has
not yet added a variable. Each cluster can only add a single
variable as the treewidth of the updated junction tree is k+1.
Once an eligible cluster has added a variable, it becomes an
ineligible cluster.

To determine which variable is the “best” variable for a
cluster to add, each potential update step has a weight assigned
to it. This weight represents the increase in the weight of the
junction tree after the update step takes place. To calculate
this weight, note that the update step process is equivalent to
adding a new edge in the underlying Markov random field.
This insight allows the weight to be calculated efficiently
using a result from [14]. To formulate this result, and for
ease of exposition, for the rest of this section we denote the
active cluster, the cluster adding the variable, as C'4 and
the donating cluster, the neighboring cluster that contains
the additional variable, C'p. The separator of these clusters is
S and the additional variable is v. After the update step is
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performed, we denote the resulting cluster as C; = C4 U v.
The edge to be added in the Markov random field is between
the additional variable v and the single node d £ C4 \ Cp.
Utilizing Corollary 4.1 in [14], the weight increase of the
junction tree due to an update step is:

AW (d,v) = H(SUd) + H(SUv) — H(SUdU)
— H(S). 4)

There are three steps that need to be performed for each
update step. The first is to simply include the additional
variable in the active cluster, and mark the active cluster as
ineligible. Now that the active cluster contains a new variable,
each neighbor of the active cluster has a new potential update
step as the current additional variable v could be added to
each neighbor, which was not possible before. Note that the
donating cluster does not have a new potential update step
because it already contains the current additional variable. So
the second step is to find all new potential update steps for
the neighbors of the active cluster.

The third step is more involved than the previous two. As
two connected clusters differ by only a single variable, some
update steps will result in the donating cluster becoming a
subset of the active cluster. When this occurs, the donating
cluster must be removed from the junction tree, and its
neighbors must be connected to the active cluster instead.
After these connections are migrated to the active cluster, some
potential update steps of each neighbor of the donating cluster
must be changed to reflect that any potential update step that
used Cp as the donating cluster must now use C; as the
donating cluster. Also, each of these new neighbors of Cg has
a new potential update step in which the additional variable
would be d.

We now present the Order Update Algorithm as Algo-
rithm 2. At the beginning, a list of all potential update steps
is constructed, denoted 7', where each entry is of the form
{w,v,C4,Cp}, which represents cluster C'4 adding variable
v from cluster C'p with the resulting weight increase of the
junction tree being w. This list is sorted by weight. Next,
update steps are executed in a greedy manner by performing
the update step with the greatest w, but only if the active
cluster is eligible. If not, this entry is simply discarded. After
each update step, the three necessary steps previously outlined
are carried out. The algorithm continues until all clusters are
marked ineligible. To track the eligibility of clusters, there
is a binary vector over the set of clusters denoted E, where
E(i) = 1 represents that cluster C; is eligible. The entire set
of clusters in the junction tree is labeled C and the set of all
neighbors of a cluster C; is denoted N'(C;).

An example demonstrating a single update step to move
from a 4-order to a 5-order junction tree is presented in
Fig. 2 for a small junction tree. After one update step, the
cluster {X;, X5, X3, X4} £ Oy adds variable X from its
neighboring cluster { X1, X3, X4, X¢} £ C5 to become cluster
{Xl,XQ,Xg,X4,X6} e C{ Because Cy C C{, Cy is
removed and all connections from C5 to any clusters aside

(a) Original (b) After update step

Fig. 2: An example of one update step

(a) After order update process

(b) After t-cherry conversion

Fig. 3: An example of t-cherry conversion

from Cf are then connected to C. Note that the separators
from all neighbors of C; and C5 remain unchanged after
the update process. There are three updates that are made
to the list of possible update steps. The first is that cluster
{X1, X5, X3, X5} can now add variable Xg from cluster C1,
so this entry is added to the list. The second addition is
that cluster { X1, X4, X, X7} can now add variable X5 from
cluster C]. The third is that cluster { X7, X4, X4, X7} can still
add variable X5, but the entry in 7' needs to be changed so
that the cluster from which it adds this variable is set to C7,
not C'5 as it was previously set. In total, there are two additions
to the list of possibilities, and one change.

It is important to note that after each update step, the
resulting clique tree is still a junction tree.

Theorem 4.1: Each update step preserves the junction tree
structure, i.e., it does not reduce a junction tree to merely a
clique tree.

The proof of this theorem is relegated to the appendix.

B. The t-Cherry Conversion Process

Though the previous algorithm returns a (k+1)-order junc-
tion tree, it does not necessarily return a (k+1)-order t-cherry
junction tree. The reason for this is that the k-order t-cherry
junction tree has separators that contain k-1 variables, so a
(k+1)-order junction tree must have separators that contain k
variables. However, the separators in the junction tree returned
from the algorithm may have separators of size k-1. This
occurs when two connected clusters, C; and Cs, have added
variables from other clusters, i.e., C; added a variable from
a cluster other than C, and vice-versa. This implies that the
separator S = C7 N Cy is unchanged from its original k-1
nodes, as the intersection of the two clusters remains the same.

We next present an algorithm that converts the (k+1)-order
junction tree returned from Algorithm 2 into a (k+1)-order
t-cherry junction tree. We note that this algorithm can be
extended in a straightforward manner to convert any (k+1)-
order junction tree, not only those returned by Algorithm 2,
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Algorithm 2 Order Update Algorithm

1. BE(C;))=1V(C;eC
2: while 3 such that E(i) =1 do
3 Ca=T(1,3)

4:  if E(C4) =1 then

5: v="T(1,2)

6: Cp =T(1,4)

7 d= CA \ Cp

8 Ca=CyaUv

9: E(Cx)=0

10: for all C; € (N(C4)\ Cp) and E(C;) =1 do
11: v = C; \OA

12: w =AW (', v)

13: Add entry {w,v’,C;,C4} to table T
14: end for

15: if Cp C C4 then

16: for all C; € (N(CD) \ CA) do

17: Connect C; to Cy

18: v = C; \ Ca

19: w=AW(d,v)

20: Add entry {w,d,C;,C4} to table T
21: end for
22: for all T; € T do
23: if T;(4) = Cp then

24: T;(4) =Ca

25: end if

26: end for

27: Remove cluster C'p from the junction tree
28: end if
29:  end if

30:  Delete the first entry in T’
31:  Sort T' by w
32: end while

into a (k+1)-order t-cherry junction tree. The reason for the
difference is that a general (k+1)-order junction tree may have
clusters of any size between 1 and k, as the treewidth is the size
of only the largest cluster in the entire junction tree, whereas
in the (k+1)-order junction tree returned by Algorithm 2, all
clusters are of size k + 1.

An earlier algorithm [8], developed to convert a junction
tree to a t-cherry junction tree, requires that a root node be
selected, and the resulting tree is heavily dependent upon the
choice of root node. Our approach does not require a root
node to be selected, and it greedily maximizes the weight of
the junction tree as it operates. Also, the underlying process,
maintaining separators of size k, is clearly articulated in our
algorithm.

The t-cherry conversion process is completed when each
separator has been transformed to include k variables. Thus
we design an algorithm to ensure that each separator contains
k variables, and we call this the t-Cherry Bud Conversion
Algorithm, presented as Algorithm 3. A bud of the t-cherry
junction tree is a cluster-separator-cluster triplet, and thus the

number of buds is the number of separators in the junction
tree. For each separator in the junction tree, the bud can
be replaced by a set of clusters and separators that have
the t-cherry property and still remain a junction tree. This
process transforms each bud in turn, until the entire junction
tree has been converted to a (k+1)-order t-cherry junction
tree. In other words, the t-cherry conversion process operates
by transforming all buds into t-cherry compliant buds by
transforming each using Algorithm 3.

Algorithm 3 operates over two clusters and their sepa-
rator. Denote one cluster as C4, the other C5, and S as
their separator. The underlying concept is to “pull forward”
variables from C to create more clusters in order to ensure
that adjacent clusters are separated by k variables (as the
treewidth is k+1) and that the running intersection property
is maintained. In total, the two original clusters are replaced
by |Ca]| —|S|+1 clusters, as each variable contained in C3\ S
must be a dominating vertex of its own cluster. Denote the set
of dominating vertices not yet assigned to clusters as D, and
the set of dominating vertices already placed in clusters as &.
At the beginning of the algorithm, D = Cy\ S and £ = @. A
key component of this algorithm is the set of “free” variables;
that is, the set of variables that can be pulled forward from
the previous cluster to a new cluster to ensure the separator is
of size k. We denote this set of free variable as F. The first
iteration is slightly different from the next |Cy| — | S| iterations
so it is outside of the main loop. The sets of the new clusters
and separators returned are denoted C’ and S’ respectively.
These two sets replace C', .S, and C5 in the junction tree. For
each iteration, the choice of F' and d are made to maximize
the weight of the resulting cluster-separator pair, as seen in
lines 4 and 11.

An example of this process is shown in Fig. 3. Fig. 3(a)
shows a S-order junction tree, after the order update process
that began in Fig. 2 has completed all of its steps. Notice
that the right branch already satisfies the t-cherry property,
so it does not need to be converted. However, the left branch,
the cluster-separator-cluster connection { X1, X, X3, X4, X¢}
{X1, X2, X5} {X1, X5, X3, X5, Xg}, does not satisfy the t-
cherry property as the separator has only 3 variables, not 4.
The result after running Algorithm 3, shown in Fig. 3(b), has
an additional cluster inserted between the two original clusters
to make a t-cherry junction tree.

In order to convert all buds into t-cherry buds, Algorithm 3
is run twice on each bud. For the second application of this
algorithm, the choice of C; and C5 is reversed. After both
cluster and separator sets are calculated, the choice that results
in the heaviest weight is used to replace the bud in the junction
tree.

As with Algorithm 2, it is vital to show that this approach
returns not only a junction tree structure, not merely a clique
tree, but also specifically a t-cherry junction tree.

Theorem 4.2: The clique tree, constructed via performing
Algorithm 3 twice on each bud, is a t-cherry junction tree.

The proof of this result can be found in the appendix.

To demonstrate the improvement from updating a k-order
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Algorithm 3 t-Cherry Bud Conversion Algorithm
Require: C1,C5, 5 =C;NCs

1: D:CQ\Cl
2: C{:Ol
32 F={F:FCCy,|F|=k—|S|}

4 F*,d* = argmax [(dUSUF)—-I(SUF)
FEF,deD

s Cy=d*USUF*

6: S =SUF*

7. D=D\d*

8 E=d*

9: for i =2: (|Cs| — |S]) do

100 F={F:FC(S_\(EUS)),|F|=k—[E]-]|S]}

1:  F*d*=argmax [(dUEUSUF)—-I(EUSUF)
FEF,deD

122 Ci,, =d*UEUF*US

13 S/ =EUF*US

14 D=D\d*

15 £=EUd"

16: end for

17: return C', S’

t-cherry junction tree to a (k+1)-order t-cherry junction tree,
we apply this approach to each of the 1,560 individual t-
cherry junction trees constructed in Section V. The average
increase in the weight of the junction tree after the order
update step is 19%, and the average weight increased another
110% on top of the order update weight after performing the
t-cherry conversion process. Thus after both steps, on average
the weight of the t-cherry junction tree increased 150%. Both
the order update and t-cherry conversion processes combined
required five seconds on average to run for each individual
tree, a significantly shorter amount of time compared to
building a 5-order t-cherry junction tree from scratch, which
takes roughly one and a half hours. This approach is a very
fast method to significantly improve the approximation of a
t-cherry junction tree.

V. AN EXAMPLE APPLICATION: NEW USER
RECOMMENDATION IN A TWITTER NETWORK

Next we apply the tools developed in the previous sections
to the new user recommendation problem. A t-cherry junction
tree is constructed to approximate the joint distribution of
social connections in the social network, and then this junction
tree is used to perform inference to update the probabilities of
social links forming. Our experimental setup is to approximate
the probability of following users in a set of 100,000 Twitter
users using the dataset [16]. We first preprocess the data
and extract the 100,000 most connected users. The random
variables in this application are whether a new user will
follow a certain user. The joint distribution p(X7,..., Xy) is
a collection of NV = 100, 000 binary random variables, where
X; = 1 represents the outcome that a new user to Twitter
will follow user ¢. To construct a t-cherry junction tree, the
“marginal” distributions containing k and k — 1 variables must

be computed. Rather than attempting to model human social
behavior directly, we use a data driven approach instead. Each
of these distributions is computed using the empirical data by
counting the number of the 100,000 users that follow each
user.

As constructing a t-cherry junction tree requires construct-
ing a table with k(ll\cf ) entries, a small treewidth, & = 4,
is chosen, as is typical for constructing junction trees. Due
to the fact that directly constructing a 100,000 variable t-
cherry junction tree is computationally infeasible, the social
graph is partitioned using METIS [9], specifically the im-
plementation [18], into 1,560 disjoint subgraphs, with each
subgraph containing 64 or 65 users. We call the t-cherry
junction tree constructed for each subgraph an individual
tree. Each individual t-cherry junction tree can be computed
in a reasonable amount of time, roughly five minutes, using
Algorithm 1. It is necessary to partition the graph into disjoint
subgraphs in order to ensure that when the individual t-cherry
junction trees are joined together, the running intersection
property is not violated. The METIS software partitions by
attempting to minimize the number of edges cut to form the
partitions. Retaining the maximum number of edges in the
partitions is ideal as attempting to keep densely connected
social communities together is important. In order to build
these individual trees, 7 computers were used operating in
parallel.

Next, we examine the process of connecting the individual
t-cherry junction trees together in order to form one connected
t-cherry junction tree. Two individual t-cherry junction trees
can be joined together by connecting two clusters, one from
each tree, using Algorithm 3 to ensure that the resulting
combination is still a t-cherry junction tree. It is important that
only two clusters are joined together; otherwise loops will be
present, and thus it will not be a junction tree. There are two
sub-problems in this process. The first is that each individual
tree can be joined with any other tree, and the second is that
after choosing which two individual trees to join together,
each cluster within each tree is a potential choice to use in
connecting these two trees.

To attempt to maintain the original social structure of the
full social graph, the number of edges cut in the partitioning
process is the metric used to decide which individual trees to
be joined. The process begins by computing the number of
edges cut between all partitions, and then combining the two
individual trees that have the maximum number of edges cut
between them. This process continues in a greedy manner by
selecting the individual tree that has the most edges cut to
any of the already joined individual trees. This continues until
all of the individual t-cherry junction trees have been joined
together.

Having selected which individual t-cherry junction trees to
join, the other sub-problem is to decide which two clusters
should be connected to actually join the junction trees together.
To join these individual junction trees together, the social
structure of the original graph was considered. For each two
individual trees being joined together, the number of edges cut
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between the users in each cluster in both trees was counted.
Then the two clusters which had the most edges cut between
them were selected to be connected in order to join the two
individual trees. After selecting these two clusters, they are
linked together using Algorithm 3, which ensures that the t-
cherry property is preserved. After all individual trees were
joined together in this manner, the result was a single t-
cherry junction tree containing 100,000 variables. This t-cherry
junction tree captures the joint probability distribution of a new
user following any of the existing 100,000 users.

The entire tree building process, from initial partitioning
through the combination of the individual trees took slightly
over 19 hours, the vast majority of which was spent con-
structing the individual junction trees. To calculate the KL-
divergence between this approximation and the joint distribu-
tion, we calculate the overall weight of this combined junction
tree as 926. The estimated joint entropy is 11.5 and the sum
of the individual entropies is 12,596. Using Equation (2), the
KL-divergence of this approximation is 13,511. While this
represents a large difference between the approximation and
the joint distribution, this KL-divergence is still calculable,
which is novel, and this approximation uses only 99,997
distributions containing 4 variables, and 99,996 distributions
containing 3 variables, resulting in a total of 2,399,920 data
entries to store these distributions, to model a distribution
containing 100,000 variables. Compared to storing the full
distribution, which requires 219990 entries, this is a very small
number of entries.

With the complete t-cherry junction tree constructed, the
final piece of the solution to the new user recommendation
problem can be developed. This last piece is the inference
process. Once a new user has begun to select other users to
follow, the values of the random variables representing these
relationships are known, and the probability of the unknown
relationships can then be updated.

Computing this new distribution, performing inference, for
a junction tree can be evaluated in a computationally efficient
manner by using message passing to update all clusters to their
new distributions [19]. This process is quick and there are
other works to parallelize this process [20], and the software
suite GraphLab can be used as an off-the-shelf implementation
[21]. For the full junction tree containing all 100,000 users,
inference takes less than two minutes. We test our approach
by calculating the area under the ROC curve (AUC) by testing
1,000 random users contained in the Twitter dataset, but not in
the 100,000 users used to build the junction tree. The resulting
AUC is 0.5519, which is impressive considering the massive
scale of this social network and the low order of the t-cherry
junction tree.

VI. CONCLUSION

In this paper, we developed a framework based on the
t-cherry junction tree to characterize users’ relationships in
online social networks. To this end, we devised an algorithm
to construct a k-order t-cherry junction tree where most of
the computations are parallelized. In order to improve the

approximation further, we proposed a scheme consisting of
the order update and t-cherry conversion steps to construct
a higher order t-cherry junction tree. The proposed scheme
is significantly faster than building a higher order t-cherry
junction tree from scratch and greatly decreases the KL-
divergence between the approximation and the joint distribu-
tion compared to the original one. This new framework was
applied to the new user recommendation problem by creating
a probabilistic model of 100,000 user relationships in a Twitter
dataset by building 1,560 individual t-cherry junction trees and
connecting them together.

To the best of our knowledge, this work is the first using
a t-cherry junction tree approach to study social networks.
In general, the junction tree has many strengths that allow
for a compact and rigorous characterization of the underlying
structure of social networks.
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APPENDIX A
PROOF OF THEOREM 4.1

It suffices to check all conditions in Definition 2.1. Denote
the active cluster as C; and the neighboring cluster containing
the additional variable v as Cs, with the separator S. Addi-
tionally, denote the new cluster of size k+1 as C7, and the set
of all clusters connected to C1, excluding Cs, as A7, where
these neighboring clusters are labeled Ny, € N1, and likewise
for nodes connected to Cs, excluding C1, as Na, € Na.

The first condition of the definition is trivially satisfied.
To check the second condition, we show that the separator
S is correctly constructed, and all other separators remain
unchanged. If Co ¢ C4, then S’ £ O} NCy = SUv. Next, we
demonstrate that each Ny, is connected to C] with the same
separator it originally had, which we denote S7, = C; N Ny,.
First, no variables need to be removed from 51, as all variables
in C are in Cf. Secondly, no variables need to be added to
S1, due to the fact that the running intersection property of
the original tree guarantees that v ¢ Ny,. Thus S;, remains
unchanged for every 4. If C is removed from the junction tree,
we show that each So, 205N Ny, remains the same despite
connecting to C] instead of Cy. As Cy C Cf, no variables
need to be removed from this separator. No variables need to
be added as the running intersection property of the original
tree ensures that C] and Ss, do not share any variables that
were not in Cs.

The third condition, the running intersection property,
clearly still holds if Co ¢ C1. If Cy C Cf, each Ny, now
connected to C still satisfies the running intersection property
because every variable in Cj is contained in C]. So any
path between clusters with a shared variable that originally
traversed Cy now traverses C with that same variable. And
clearly the fourth condition is satisfied as no variables were
removed from the junction tree.

APPENDIX B
PROOF OF THEOREM 4.2

We begin with proving that this approach preserves the
junction tree structure by checking the conditions of Defini-
tion 2.1. Denote the original clusters C; and C5 and their
separator as S. The resulting replacement clusters are labeled
Crisos Crioy s

The first and second conditions of the definition are clearly
satisfied. In order to prove the running intersection property,

note that C,, = (', and likewise C, = (5. Any

1C2|—|S|+1

path originally terminating on C; or Cpy still has the run-
ning intersection property. Therefore, once it is proved that
Crysoo o Crg, sy, satisfy the running intersection property
internally, the overall running intersection property holds. This
property is violated if and only if C,, contains a variable
present in C,, \ Cp,_, Vj < i — 1. The dominating vertex
of C,,, df is not contained in any previous vertex due to the
fact that is was selected from £. So only the remaining &
nodes of C,, could possibly be contained within C,.,. The
original separator S is contained within every cluster, thus
only the remaining k — | S| variables of C,., could possibly be
contained within C,., \ Cy,_,. The dominating vertex of C;.,_,,
dy_,, is contained within £ when C,., is constructed and is not
contained in any cluster C;.; j < i — 1 by the construction of
£. Additionally, any previous dominating vertex is contained
within £ for the next iteration and is thus is all future clusters.
Therefore only k—|S|—|E| variables remain as candidates for
variables contained in (C, U C,,) \ Cp,_,. These remaining
variables are precisely the variables chosen from the “free
variable” set F. However, by the definition of JF, all possible
F € F are a subset of Cy,_,. Thus there are no variables that
could be present in C; \ C;, that are present in C’Tj Vi <i—1.
Therefore the running intersection property is satisfied. The
fourth condition of the definition holds as no variables are
removed.

As each call of Algorithm 3 preserves the junction tree
structure, the entire process also preserves the junction tree
structure.

To prove that a t-cherry junction tree structure is returned,
note that if each call of Algorithm 3 returns a t-cherry junction
tree, then the resulting junction tree from transforming each
bud is a t-cherry junction tree. A (k+1)-order junction tree is a
(k+1)-order t-cherry junction tree if and only if each separator
S = C1 N Cy contains k nodes, i.e., C7; and Cy each contain
only a single node that is not contained within the other cluster.
This is clear to see as:

Cri \Cp, = (df  UE L UES US)\ (df UEUFFUS)
=di 1 Ui \ (dfUE)UFLL\ES)  (5)

=dj,. (6)
Similarly,
Cr \Crpyy, = (A7 UEUEFUS)\ (df, UE UFUS)
= ((df V&) \ Eipa) U (Ff\ Fiyy) @)
=F\ z'*-s-l- ®)

Note that [F}\ | =1 as
I[P\ Fiql =k — & = |S| = (k= [Exal = IS))  (9)
= |&ima] = |&] = 1. (10

Therefore each pair of connected clusters differs by only a
single node in each.

2237



