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Abstract—Maximum multifiow and maximum concurrent mul-
tiflow in multi-channel multi-radio (MC-MR) wireless networks
have been well-studied in the literature. They are NP-hard
even in single-channel single-radio (SC-SR) wireless networks
when all nodes have uniform (and fixed) interference radii and
the positions of all nodes are available. While they admit a
polynomial-time approximation scheme (PTAS) when the number
of channels is bounded by a constant, such PTAS is quite
infeasible practically. Other than the PTAS, all other known
approximation algorithms, in both SC-SR wireless networks and
MC-MR wireless networks, resorted to solve a polynomial-sized
linear program (LP) exactly. The scalability of their running time
is fundamentally limited by the general-purposed LP solvers. In
this paper, we first introduce the concept of interference costs and
prices of a path and explore their relations with the maximum
(concurrent) multiffiow. Then we develop purely combinatorial
approximation algorithms which compute a sequence of least
interference-cost routing paths along which the flows are routed.
These algorithms are faster and simpler, and achieve nearly the
same approximation bounds known in the literature.

I. INTRODUCTION

Consider an instance of multi-channel multi-radio (MC-
MR) multihop wireless network with a set V' of networking
nodes and a set A of node-level communication links. Each
node v has 7 (v) radios, and there are A non-overlapping
channels. A set of links in A is said to be independent if its
links are pairwise node-disjoint and can transmit successfully
at the same time over the same channel under a pre-specified
interference model. Let Z denote the collection of all indepen-
dent subsets of A. For each node-level link a = (u,v) in A, we
make \-7 (u)-7 (v) replications (u, v, 1, 7,1) for 1 <i <7 (u),
1<j<7(),and 1 <1 < A A replication (u,v,1,7,1)
always utilizes the ¢-th radio at u and the j-th radio at v over
the [-th channel. These replications is referred to as replicated
links of a. We use {a}™" to denote the set of replicated links
of a; and in general, for each B C A, we use B™ to denote
the set of all replicated links of the links in B. Clearly, a
set of replicated links can transmit successfully at the same
time if and only if (1) they are pairwise radio-disjoint, and
(2) for each channel [, all those replication links transmitting
over channel [ are replicated from an independent set of A.
These set of replicated links are also referred to independent

sets of replicated links. Let Z™* denote the collection of the
independent sets of replicated links. Any set

S={(;,l;) eT™ xRy :1<j<q}

is referred to as a link schedule; the value 2521 l; is referred
to as length (or latency) of S. The link demand served by S
is the function z on A defined by

2 (@) = Y04 |0 {a) ™|

for each a € A; S is also said to be a link schedule of this x.

Suppose that we are given k unicast requests specified by
source-destination pairs. Let 7P; be the set of paths in (V, A)
of the j-th request for all 1 < j < k, and let P be the union
of P1,---,Pk. Any set

FZ{(PZ,(Sz)EPXR_A,_lSZSZ}

is referred to as a path flow of these requests; its link flow is
a function = on A defined by

l
x(a):ZMPm{aH.

for each a € A; and the value Zé:l d; is referred to as flow
value of T'. The problem Maximum Multiflow (MMF) seeks
a path flow I' of maximum flow value and a link schedule &
of length one such that S serves the link flow of T'.

Suppose that in addition that for each 1 < j < k the j-th
request has a positive demand d;. Any set

H:{(Pllv7P2k751)€H§:1PJXR+1SZSZ}

is referred to as a concurrent k-path flow of these requests;
its cumulative link flow is a function x on A defined by

l k
r(a) = Zéizdj |Pij N {a}].

for each a € A; and the value 22:1 0; is referred to as
flow concurrency of II. The problem Maximum Concurrent

Multiflow (MCMF) seeks a concurrent k-path flow II of
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maximum flow concurrency and a link schedule S of length
one such that S serves the cumulative link flow of II.

As fundamental problems in multihop wireless networking,
both MMF and MCMF received much research interest in the
past decade. Most of the existing studies (e.g., [4], [7], [8],
[9], [10], [11], [12]) assumed some variants of the protocol (as
opposed to physical) interference model. In general, a proto-
col interference model specifies a pairwise conflict relations
among all links in A, and a subset of A is independent if
its links are pairwise conflict-free. It is classified into two
communication modes:

o Unidirectional mode: For each link a = (u,v) € A, the
communication between u and v occurs in the direction
from u to v, and the endpoint u (respectively, v) is
referred to as the sender (respectively, receiver) of a.
The sender u of the link a has an interference range,
and the interference range of a is the interference range
of its sender. Two links in A conflict with each other if
and only if the receiver of at least one link lies in the
interference range of the other link.

« Bidirectional mode: For each link a = (u,v) € A, the
communication between u and v occurs in both direc-
tions, and both w and v have an interference range. The
interference range of a is the union of the interference
ranges of its two endpoints. Two links in A conflict with
each other if and only if at least one link has an endpoint
lying in the interference range of the other link.

In the plane geometric variant, the interference range of an
endpoint v of a link a is assumed to be a disk centered at
u of radius r, (u), which is also knows as the interference
radius. Under the plane geometric variant of the protocol in-
terference model in either unidirectional mode or bidirectional
mode, the computational hardness of MMF and MCMF was
well characterized in both single-channel single-radio (SC-SR)
setting [10] and MC-MR setting [11]. On one hand, they are
NP-hard in even in SC-SR networks in which all nodes have
uniform (and fixed) communication radii and uniform (and
fixed) interference radii and the positions of all nodes are
available. On the other hand, they admit a polynomial-time
approximation scheme (PTAS) when the number of channels
is bounded by a constant. In other words, for any fixed ¢ > 0, it
has polynomial-time (depending on ¢) (1 + ¢)-approximation
algorithm. Such PTAS is of theoretical interest only and is
quite infeasible practically as it involves very time-consuming
exhaustive enumerations and ellipsoid method. Other than the
PTAS, all other known approximation algorithms for MMF
and MCMF, in both SC-SR wireless networks (e.g., [7], [8],
[9], [10]) and in MC-MR wireless networks (e.g., [4], [11],
[12]), resorted to solve a polynomial-sized linear program
(LP) exactly. However, such LP-based methods can require
an inordinate amount of running time and memory even for a
moderate sized input [1].

In this paper, we take a purely combinatorial approach
for approximating MMF and MCMF in MC-MR wireless
networks (and in SC-SR wireless networks as well as a

special case) under the protocol interference model. A subtle
definition of the interference cost of a path in the node-level
communication topology (V, A) is introduced. Our algorithms
iteratively compute a sequence of cheapest paths in terms
of interference cost along which the flows are routed. They
are much faster and conceptually simpler (than the general-
purposed LP solvers). They also present a trade-off between
the targeted approximation bound and the running time: for
any fixed ¢ > 0, they may achieve approximation bounds
at most 1 4 ¢ times those achieved in [11] at the growth of
the running time in at most the square order of 1/e. Both
the designs and analyses of our algorithms are applicable to
general protocol interference model. When applied to the same
variants of the protocol interference model, they achieve nearly
the same approximation bounds as those achieved in [11].

The remainder of this paper is organized as follows. In
Section II, we introduce the relevant known facts and results
to be exploited by the subsequent sections of this paper. In
Section III, we define the interference costs and prices of a
path and exploring their relations with the maximum (con-
current) multiflow. In Section IV and Section V, we present
the designs and analyses of our approximation algorithms
for MMF and MCMF respectively. In Section VI, we apply
the approximations algorithms developed in the previous two
sections to the specific variants of the protocol interference
model. We conclude this paper in Section VII.

The following standard terms and notations are adopted
throughout this paper. Let n = |V| and m = |A]. G
denotes the link-conflict graph of A under the given protocol
interference model. In other words, A is the vertex set of GG
and two links in A are adjacent in G if and only if they conflict
with each other. An orientation of G is a digraph D obtained
from G by imposing an orientation on each edge of G. For
any a € A, N [a] denotes the set of links in A conflicting
with a plus a itself. Suppose that D is an orientation. For
each a € A, N¥'[a] (respectively, N [a]) denotes the set
of in-neighbors (respectively, out-neighbors) of a in D plus a
itself. For any real-valued function f on A and any B C A,
[ (B) represents ), f (b); For any real-valued function f
on Ax A, and any a € A, and any B C A, f (a, B) represents
> e/ (a,b). Let < be an ordering of A. For any pair of links
a,b € A, both a < b and b >~ a represent that a appears before
b in the ordering <.

II. PRELIMINARIES

For MC-MR wireless networks, Wan et al. [12] introduced
the interference factor p(a,b) of two conflicting links a and
b, which captures the essential advantage of multiple radios
and multiple channels. If a and b share a common endpoint
u, then each replicated link of b conflicts with exactly

=1 (1-4) (-}

portion of replicated links of a; otherwise, each replicated link
of b conflicts with exactly

1
b) = =
p(O’?) )\
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portion of replicated links of a. Note that p (a,b) = p(b,a)
in either case. In addition, each replicated link of a link a =
(u,v) conflicts with exactly

pien =1 (1 5) (1 545) (-5)

portion of replicated links of a (include itself).
Consider any non-negative function x on A. The z-weighted
inductivity of A is the value

bEN[a]NB

A*(z) = max min
0#BCA aEB

p(a,b)z (b)

A link schedule of « of length at most A* (x) can be produced
by a simple greedy algorithm GLS developed by Wan et al.
[12] in O (m*X + mm/ max,cy 7 (v)) time, where m/ is the
total number of conflicting pairs of links in A. Note that this
running time grows linearly with the number of channels and
the maximum number of radios of all nodes. Consider an
orientation D of G. The xz-weighted inward interference of
a with respect to D is defined to be

S b)),

beN " [a]

AP (a;2) =

and the x-weighted inward interference of D is defined to be

AL (@)

= max APD (a;z).
The following relation between A* (z) and A% (z) was
proved in [12].

Lemma 2.1: A*(x) < 2A% (z). If D is acyclic, then
A* (z) < AW (z).

The inward local independence number (ILIN) of D is
defined to be

max max [T N NE [a]| -
The following upper bound on A% (x) was proved in [10] in
the SC-SR setting and in [12] in the MC-MR setting.
Lemma 2.2: Suppose x has a link schedule of length at
most one. Then, for any orientation D with ILIN g,

AL (x) <h

where 1 = p in SC-SR setting and 1 = p + 2 in MC-MR
setting.
Consider a link schedule

S={{l;)) eT™ xRy : 1< j < q}.

We use ||S]|| to denote its length 23:1 l;. Scaling S by a

positive factor c results in the link schedule
cS :={(lj,cl;):1<j<q};

clearly, ||cS]|| = ¢||S]|-
Consider a path flow
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We use ||TI|| to denote its flow value 22:1 0;. Scaling I" by a
positive factor ¢ results in the path flow

L :={(P,cd;):1<i<lI};

clearly, ||c['|| = ¢ ||T|.
Consider a concurrent k-path flow

= {(Pu, -, P, )

We use ||II|| to denote its flow concurrency Zé:l d;. Scaling
II by a positive factor c results in the concurrent k-path flow

CH _{( i1y """
cIIff = c 1]

1 <<}

P, cdi):1<i <1}

clearly,

III. LEAST INTERFERENCE-COST PATHS

Consider an orientation D of G with ILIN y, and let o = p
in SC-SR setting and i = p + 2 in MC-MR setting. Suppose
that y is positive function on A. Let y be the function on A
defined by

>

beNp t[a]

p(a;b)y(b)

for each a € A. The value y(a) is interpreted as the y-
weighted interference cost brought by a to its closed out-
neighborhood in D. For each 1 < j < k, let dist;(y) be the
(interference) cost of the cheapest (s;,¢;)-path with respect
to g. In this section, we establish the following intrinsic rela-
tions between the least interference-cost paths and maximum
(concurrent) multiflows.
Theorem 3.1: Let opt be the value of the maximum multi-
flow. Then,
min dist; (7) < ﬁM
1<j<k opt
Theorem 3.2: Let opt be the concurrency of the maximum
concurrent multifiow. Then,

Z d;dist;

We begin with followmg property of a singleton path flow.
Lemma 3.3: Suppose that z is the link flow of a singleton
path flow {(P,d)}. Then, for any a € A,

AP (a;x) = 6p (a, Nj3 [a] N P)

A,
opt

and
Y y(a) AP (a52) = 57 (P).
acA
Proof: For any a € A,
AB (i)=Y plab)z(b)

be N [a]

p(a;b) [P N {a}|

>

beENZ [a]

=35 > pla,b)|Pn{b}
beNm[a}

= dp (a,Np'[a] N P).
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Thus, the first part holds.
By the first part, we have

> yl(a)

a€cA

_6Zy

N [a] N P)
a€A

=6> y(@)> [{p}nNp

a€A bepP
1| p(a,b)y(a)

=0> > [{p}nNp[a

beP acA

=35> Z

beP ae N2 (b
=0y (P).

So, the second part also holds. [ |
Lemma 3.3 gives an alternative interpretation on the inter-
ference cost of a path P: Let = be the link flow of a path flow

{(P, 1)}
=Y yl(a)

acA

YA (a;x)

al| p(a,b)

)AL (a;2) .

From Lemma 3.3, we also derive the following property of a
singleton concurrent k-path flow.

Lemma 3.4: Suppose that x is the cumulative link flow of
a singleton concurrent k-path flow

{(Pla"' 7Pk76)}'
Then, for any a € A,
AP (a;x) = 5Zdjp (a, Ni3* [a] N P;)
j=1
and
k
Zy YA (a; ) f(deJy
acA Jj=1
Proof: The concurrent k-path flow
{(Plv"' 7Pk75)}
is equivalent to the path flow
{(Pj,0d;) : 1 <j <k}

For each 1 < j <k, let z; be the link flow of the singleton
path flow (P;,dd;). Then, x = Z?:l xj. By Lemma 3.3, for
any a € A,

A (a; ) ZA”L a; ;)
—Zéd]p a,

= 5Zdjp (a, N
j=1

) [a) N P;)

[a]ij).
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Again by Lemma 3.3, we have

> y(a) A (a;2)

a€EA
k .
=Y yla)) AP (a;z)
a€A j=1
k
=> Y yla)AB (a;2;)
j=lacA
=0 d;j(P))
j=1
So, the lemma holds. [ |

Now, we are ready to prove Theorem 3.1.
Proof of Theorem 3.1: Let

{((P6)ePxR:1<i<l}

be a maximum multiflow, and x be its link flow. For each
1 <7 <, let x; be the link flow of the singleton path flow
{(P;,0;)}. Then, x = Zi:l x;. By Lemma 3.3,

> y(a)

a€A

Sy

aEA

St

i=1acA

l
= Z 6y (P;)
i=1
l
> Z 5idi3tj (:/g\)
i=1

) AR (a; )

Z " (a; x;)

=1

AP (a;25)

= in dist; (y t.
(1glgk ist; (y)) op

On one hand, by Lemma 2.2,

> y(a)AB (a;2) < AR ()Y y(a) < iy (A).
a€A beA
Thus, the theorem holds. [ ]

Finally, we prove Theorem 3.2.
Proof of Theorem 3.2: Let

{(Pﬂ’...

be a maximum concurrent multiflow, and x be its cumulative
link flow. For each 1 < ¢ < [, let z; be the link flow of the
singleton concurrent k-path flow

{(Pir, -+, Pir, 03)} -

s Py 0i) 11 <i <1}
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Then, z = Zi_l x;. By Lemma 3.4,

Zy ) AT (a; )
acA
l
=Yy S AR (@)
aEA i=1
= Z > y(a) AT (o)
i=1a€A
l k
=6 Y _d;ii(Py)

i=1 j—l

>Z5 Zd idist; (
=1 Jj=1
Zd idist;

Y

<D>

opt

= Z djdiStj (/y\)
j=1
On the other hand, by Lemma 2.2,
Z y Azn a IZ’ A’L’I’L

acA

(@)Y yla

beA
Thus, the theorem holds. |

) < iy (4).

IV. MAXIMUM MULTIFLOW

Suppose that D is an orientation of G with ILIN p, and
denote 1 = p in SC-SR setting and & = p + 2 in MC-MR
setting. Consider an arbitrary parameter ¢ € (0,1]. In this
section, we present an efficient algorithm MF(e) algorithm for
the problem MMF, which achieves an approximation bound
2(1+¢)p in general and (1 +¢) i if D is acyclic, and has
running time growing with 1/ in at most the square order.

The algorithm MF(¢) is outlined in Table I. It runs in three
phases:

o Flow Phase: This phase computes a path flow I' and
its link flow z iteratively by computing a sequence of
cheapest paths in terms of interference costs.

o Link-Scheduling Phase: This phase computes a link
schedule S of x by simply applying the greedy algorithm
GLS developed in [12].

e Scaling Phase: This phase scales both I' and S by a
factor 1/ ||S|| and then return them as the final output.

Both the Link-Scheduling Phase and the Scaling Phase
are straightforward. The Flow Phase is quite subtle and is
elaborated below.

The Flow Phase builds up a path flow I' incrementally and
updates its link flow o accordingly throughput this phase. The
Flow Phase maintains a flow cost variable ~, which are the
cumulative costs incurred by I'. Initially, I' is empty, z is
zero-valued, and v is zero. The Flow Phase also maintains
a positive weight function y on A to help the building
up I'. Initially, y is one-valued. The Flow Phase runs in
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Algorithm MF(¢)

/I Flow Phase
D+ 0,2« 0y« Oy« 1;

while AT (2) > (1+¢)y do
P <+ a cheapest path in P wrt. 7;
6

maXge A p(a N‘D"[ ]ﬁP)
'« Tu{(P,d}
v v+ e
Va € P, z (a) + z (a) + 6;
Va € A y(a) < y(a) (1+edp(a,Ni7 [a] 0 P));
// Link-Scheduling Phase
S < the link schedule of = output by GLS;
1/ Scalmg Phase
' =7

Output F and S.

TABLE I
OUTLINE OF THE ALGORITHM MF(g).

iterations until the flow cost v exceeds A% (z) /(1 +¢). In
each iteration, a cheapest path P € P with respect to y is
computed, and § units of flow are routed along P where

1

0= maxqea p (a, Ni [a] N P)

The 0 is selected such that after I is augmented by (P, ), the
maximum increment on A% (a;z) for all a € A is exactly
one by Lemma 3.3. The pair (P, ) is then added to T', and
all other variables are subsequently ug)dated Specifically, the
new flow (P, ) incurs a flow cost ?/ 0, which is the product
of the y-weighted interference cost of P and the flow amount
0 routed along P. Such cost is charged to . The update on
x is straightforward: z (a) is incremented by ¢ for each link
a € P. For each link a € A, y (a) is increased by a factor

1+¢ép (a, Ny [a] N P).

Note that 6p (a, Nj3' [a) N P) is the increment of A% (a;z)
due to the growth of I' by Lemma 3.3. Such update on
y ensures that if a link a receives a larger increment on
A (a;x), then y (a) grows faster which in turn makes it less
likely to appear in a cheapest path in the future iteration.

Next, we analyze the performance of the algorithm MF(¢).

Theorem 4.1: The Flow Phase of the algorithm MF(e)
terminates in at most

mlnm
In(l+e)— 5

iterations, and the final output of the algorithm MF(e) is a
2 (1 + ¢) i-approximate solution in general and a (1 + ¢) fi-
approximate solution if D is acyclic.

Proof: We introduce the following notations in this proof.
Let opt be the value of the maximum multiflow. I'g, x¢, yo,
and 7y denote initial values of x, y, and y respectively in the
Flow Phase. For each iteration 7 > 1 of the Flow Phase, I';,
x;, y; and y; denote the values of z, y, and =y respectively at
the end of the i-th iteration; (P;, d;) denotes the flow added in
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the ¢-th iteration. Consider any iteration ¢ of the Flow Phase.
For each a € A, since

AP (a5 ;) —
= dip (a, N,

Aan (a' 3?1;1)
BlalnP) <1,

we have
yi(a):yi_l(a) (1+551P( [ ]ﬁP))
> g1 (a) (1 + ¢)%P(®NE [a]ma)
=yi—1(a) (1 + 5) AP (@iwio1)

(a 17)

Furthermore,
yi (A) = qu (a)
GEZA% 1 (a) (L +edip (a, NB' [a] N P;))
4,§1 A) 42,3 p (0 N5 o] 0P s (a)

a€A
A +651y, 1 (P)

-1 (4)
Yi— 1(PZ)
Yi— 1(A)<1+E(S i I(A))
=41 (A) (T +e (v —7i-1)
(4)

Yi— 1)
<yic1(A)exp (e (vi —vi-1)),

where the fourth equality follows from Lemma 3.3. Therefore,
by induction on the iterations, for each iteration ! of the Flow
Phase, for each a € A,

i (a) > yo (a) (1 + E)Ei=1(Agl(a?wi)‘Agl(a%“H))

and
!
Y (A) < yo (A)exp (52 —Yi-1) ) =mexp (ev) .
t=1

Hence,

1 y(A) 1, (14e)>80

Y= *lnyl( ) > fln%.
€ m € m

On the other hand, by Theorem 3.1, we have

l
W:Zdi 11((A)) MZZ 16

i=1 opt

_ BT
opt

Now, we bound the number of iterations of the Flow Phase.
Assume to the contrary that the Flow Phase didn’t terminate

after
mlnm
In(l+e)— 15

mlnm
In(l+e)— 1= |

iterations. Let
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By the choice of d;, Y. 4 A (a; ;) strictly increases by at
least one with the iteration <. So

Z AZ[SL (a;xl) > l7

acA
which implies
AT (a; 1
Agb (:El) > ZaEA D ( l) > l/m > LE
m In(l+e¢)— 15
Hence, ,
A" (xl in
L+t AR ()
€ m 1+¢
Thus, »
1 (1480 Alp(g)
v > —1n .
€ m 1+e¢

This means that the number of iterations is at most [, which
is a contradiction.
Next, we show that at the end of the of the Flow Phase,
[T opt
Ap(@) ~ 0+en
Suppose that the Flow Phase runs in [ iterations. By the
stopping rule of the Flow Phase,

: (1 +e) il
AZW/ —
B ) < (0+epm <
Thus,
|'|Fl|| opt
AP (z) — (1+e)p

Finally, we prove the approximation bound of the output by
the algorithm. It is sufficient to show that at the end of the
Link-Scheduling Phase,

{18 opt

ISl =21 +e)a’
and if D is acyclic, then

1N opt

IS~ Q+e)n

By Lemma 2.2, we have
IS < A" (2) < 2AF (),
which implies that
ITl . Iy opt
ISl — 247 (z) — 2(1+e)p
If D is acyclic, again by Lemma 2.2 we have

IS < A" (2) < AT (@),

which implies that

I o Tl o opt
ISI— Ap (2) — (L+e)p
This completes of the proof of the theorem. |
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The running time of MF(¢) increases with 1/ in at most
the square order because

€ € €
=—In(1- —
1+¢ 1+¢ 1+¢

SLY LI W PRI
_2(1+€> =z d+1/e
The running time of the the Flow Phase does not depend on
the the number of channels and the number of radios at each
node. Within each iteration of the Flow Phase, a cheapest
path P € P with respect to § has to be computed. A naive
implementation is first making k separate computations of
cheapest paths P; € P; for each 1 < j < k and then choosing
the cheapest one among them as P. However, by observing
that Dijkstra’s algorithm for computing shortest paths gives
the shortest path to every node in the graph, we adopt the
following more economic implementation. We first group
unicasts by a common source node. The number of groups is at
more min {n, k}. Then, for each group we compute cheapest
paths from the common source node to the sinks of all unicast
in this group by a single call to the Dijkstra’s algorithm. As the
Dijkstra’s algorithm has running time O (m + nlogn) based
on Fibonacci heap, we can compute the cheapest path P € P
in

In(1+¢)—

O (min {n, k} (m +nlogn))

time. For k = © (n2), this implementation is a linear factor
speedup over the naive implementation.

V. MAXIMUM CONCURRENT MULTIFLOW

Suppose that D is an orientation of G with ILIN u, and
denote ;i = p in SC-SR setting and g = p + 2 in MC-MR
setting. Consider an arbitrary parameter ¢ € (0,1]. In this
section, we present an efficient algorithm CMF(e) algorithm
for the problem MCMF, which achieves an approximation
bound 2(1+¢€) i in general and (1 +¢)p if D is acyclic,
and has running time growing with 1/¢ in at most the square
order.

The algorithm CMF(¢) is outlined in Table II. Similar to
the algorithm MF|(¢), it runs in three phases:

o Flow Phase: This phase computes a concurrent k-path
flow II and its cumulative link flow =z iteratively by
computing a sequence of cheapest paths in terms of
interference costs.

o Link-Scheduling Phase: This phase computes a link
schedule S of x by simply applying the greedy algorithm
GLS developed in [12].

o Scaling Phase: This phase scales both II and S by a
factor 1/ ||S|| and then return them as the final output.

The Flow Phase of CMF(¢) is more intricate than that of
MF (¢) and is elaborated below.

The Flow Phase builds up a concurrent k-path flow II in-
crementally and updates its cumulative link flow z accordingly
throughput this phase. The Flow Phase maintains a flow cost
variable v storing the cumulative costs incurred by II. Initially,
II is empty, x is zero-valued, and ~ is zero. The Flow Phase

Algorithm CMEF (¢)

/I ' Flow Phase

I 0,z + 0,y + Oy < 1;
while A% (z) > (14¢) 7,

k
(P1,- -+, Py) < cheapest paths in v]_[le w.Lt. 7
j=

§+— - 1 — ;
maxgea S5_; djp(a, N [alNPy)

H%HU{(PIV" 7Pk76)};
Z?zl d]'g(Pj)(S.
y(A) ’

YT+
Va € A,

z(a) < z(a)+46 _zkjl d; |P; N {a}|;
i=

y(a) < y(a)(l+ed Zk:l djp (a, N& [a] N P;));
=

// Link-Scheduling Phase
S < the link schedule of = output by GLS;
/I Scaling Phase
1 1 ..
IT + mH, S+ WS ;
Output IT and S.

TABLE I
OUTLINE OF THE ALGORITHM CMF (¢).

also maintains a positive weight function y on A to help the
building up I. Initially, y is one-valued. The Flow Phase runs
in iterations until the flow cost v exceeds A% (z) /(1 +¢). In
each iteration, k& cheapest paths P; € P; for 1 < j < k with
respect to i are computed. Along these k paths, a concurrent
flow of concurrency ¢ is routed where

1
maxaea Y5y dip (a, N [a] N1 Py)

The § is selected such that after IT is augmented by the new
flow

(Pla"'7Pk>6)7

the maximum increment on A% (a;z) for all a € A is exactly
one by Lemma 3.4. The new flow is then added to II, and
all other variables are subsequently updated. Specifically, the
j-th new flow incurs a cost Zf/((ij)) dd;, which is the product
of the y-weighted interference prices of P; and the flow

amount dd; routed along P;. The total cost of the new flow is
%5 , and it is added to . The update on z is straight-
forward: for each link a € A, x (a) is incremented by the total
new flow through a, which is equal to 52?:1 d; |P; N {a}|.
For each link a € A, y (a) is increased by a factor

k
1 +65Zdjp (a, N3 [a] N Pj) .

j=1

Note that the term § Y, d;p (a, N [a] N ;) is the incre-
ment of A% (a;z) due to the growth of II by Lemma 3.4.
Such update on y ensures that if a link a receives a larger
increment on A% (a; ), then y (a) grows faster which in turn
makes it less likely to appear in a cheapest path in the future
iteration.

Next, we analyze the performance of the algorithm
CMF(¢).
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Theorem 5.1: The algorithm CMF (¢) terminates in at most

mlnm
1n(1+€) — m

iterations, and outputs IT and z satisfying that

I
A ()

opt
(1+e)n

Proof: We introduce the following notations in this proof.
Let opt be the concurrency of the maximum concurrent
multiflow. Iy, zg, Yo, and vy denote initial values of x, y, and
~ respectively in the Flow Phase. For each iteration ¢ > 1 of
the Flow Phase, 1I;, z;, y; and ~; denote the values of z, y,

and ~ respectively at the end of the ¢-th iteration;
(Pila' o )Pikaéi)

denotes the concurrent flow added in the i-th iteration. Con-
sider any iteration ¢ of the Flow Phase. For each a € A,
since

Al (a' x;) —

=0 Zdjp

Aan (a'x,- 1)
) [a] N Py) <1,
we have

k
Yi (CL) =Yi-1 (a) 1 +5612djp (CL,NE’L [CL} m}3”)
Jj=1
8 >k d; ( Ni"[ ]mp..)
>yi1(a)(1+¢) i o8 dyp(a, N5 [alNPy

=yi—1(a) (1 + g)AgL(a;wi)—AgL(a;wiﬂ) .

Furthermore,
A):Zyifl( (1+¢d; Zdjp ”L ]ﬁ‘PZJ))
acA
k
=yi—1 (A) +€d; Zyz 1 Zdjp( N3 [a] N Py)
aEA j=1
=yi—1 (A) + &b Zd > p(a, N3 [a] 0 Py) yioi (a)

j=1 a€A

=Yi—1 (A) + 651‘ Z djdistj (@—1)
j=1

=yi—1 (A) <1 + &6;

=yi—1(A) L+ (v
<yi—1 (A)exp (e (v

k P

2 =1 dydist; (4i-1)
yi-1(A)

—%i-1))

- ’Yi—l)) )

where the fourth equality follows from Lemma 3.3.

The rest of the proof is almost the same as that in the proof
of Theorem 4.1. We only outline the steps of the argument
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and skip the details. First, we can show that for any iteration
number [ of the Flow Phase, at the end of the [-th iteration,

Ai”(l‘[) ~
1 1 D
L, (re®Be0 R
€ m opt
Then, using the above inequality and the fact that

> aca AP (a;2;) strictly increases by at least one with the
iteration ¢, we can prove the upper bound on the number of
iterations of the Flow Phase by contradiction. Using the above
inequality again and the stopping rule of the Flow Phase, we
can show that at the end of the of the Flow Phase,

([T} opt
Ap(@)~ 1+
Using this inequality and Lemma 2.2, we can conclude that
at the end of the Link-Scheduling Phase,

28] opt
IS~ 2(1+e)p’
and if D is acyclic, then
8] opt
ISIF— (L+e)
This completes the proof of the theorem. |

The same remark at the end of Section IV also applies to
the algorithm CMF(¢) and is omitted here.

VI. APPLICATIONS

In this section, we apply the algorithms MF (g) and CMF(¢)
to the plane geometric variants of the protocol interference
model by choosing an appropriate orientation D. We remark
that any ordering < of A naturally induces an orientation D
by orienting every edge {a, b} in the link-conflict graph G for
a to bif a < b, or in the reverse direction otherwise.

In the unidirectional mode, Wan [10] introduced the fol-
lowing orientation D. Consider any conflicting pair of links
a and b in A. If the receiver of a is within the interference
range of the sender of b, then we take the orientation from
b to a; otherwise, we take the orientation from a to b. Ties
are broken arbitrarily. Suppose that for each link a € A, the
interference radius of its sender is at least ¢ times its length
for some constant ¢ > 1. It was shown in [13] that the ILIN
of such D is at most [7r/ arcsin 15”] — 1. By Theorem 4.1
and Theorem 5.1, we have the following corollary.

Corollary 6.1: Under the plane geometric variant of the
protocol interference model in the unidirectional mode in
which the interference radius of its sender of each link is at
least ¢ times the link length for some constant ¢ > 1, by
adopting the orientation D given in [10], both MF(¢) and
CMF () have an approximation bound

2(1 +¢) qw/amsmc—cﬂ + 1)

in MC-MR wireless networks, and
-1
=)
c

2(1+¢) qw/ arcsin
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in SC-SR wireless networks,

In the bidirectional mode, Wan et al. [13] introduced the
following orientation D. Consider any conflicting pair of links
a and b in A. If a has an endpoint « and b has an endpoint
v satisfying that u is within the interference range of v and
its interference radius is no more than that of v, then we take
the orientation from b to a; otherwise, we take the orientation
from a to b. Ties are broken arbitrarily. It was shown in [13]
that the ILIN of such D is at most 8. By Theorem 4.1 and
Theorem 5.1, we have the following corollary.

Corollary 6.2: Under the plane geometric variant of the
protocol interference model in the bidirectional mode, by
adopting the orientation D given in [13], both MF(e) and
CMF () have an approximation bound 18 (1 4 ¢) in MC-MR
wireless networks, and 16 (1 + ¢) in SC-SR wireless networks,

In the bidirectional mode with symmetric interference radii
(i.e., for each link, its two endpoints have equal interfer-
ence radii), we sorts the links in the decreasing order of
the interference radii of their endpoints and ties are broken
arbitrarily. Such ordering is referred to as the interference
radius decreasing ordering. It was shown in [13] that for
the acyclic orientation D induced by the interference radius
decreasing ordering, its ILIN is at most 8. By Theorem 4.1
and Theorem 5.1, we have the following corollary.

Corollary 6.3: Under the plane geometric variant of the
protocol interference model in the bidirectional mode with
symmetric interference radii, by adopting the orientation D
induced by the interference radius decreasing ordering, both
MF (¢) and CMF(¢) have an approximation bound 10 (1 + ¢)
in MC-MR wireless networks, and 8 (1 + ¢) in SC-SR wireless
networks,

In the bidirectional mode with uniform interference radii
(i.e., the endpoints of all links have equal interference radii),
we sorts the links in the lexicographic order of their left
endpoints and ties are broken arbitrarily. Such ordering is
referred to as the lexicographic ordering. It was shown in [5]
that for the acyclic orientation D induced by the lexicographic
ordering, its ILIN is at most 6. By Theorem 4.1 and Theorem
5.1, we have the following corollary.

Corollary 6.4: Under the plane geometric variant of the
protocol interference model in the bidirectional mode with
uniform interference radii, by adopting the orientation D in-
duced by the lexicographic ordering, both MF(¢) and CMF (¢)
have an approximation bound 8 (1 + ¢) in MC-MR wireless
networks, and 6 (1 + &) in SC-SR wireless networks,

VII. CONCLUSION

In this paper, we have developed purely combinatorial
approximation algorithms for both maximum multifiow and
maximum concurrent multiflow in MC-MR wireless networks.
These algorithms adopt an orientation D of the conflict graph
and a parameter ¢ € (0,1] which represents the trade-off
between the approximation ratio and the running time. Let
1 be the ILIN of D, and denote 1 = p in SC-SR setting
and i = p + 2 in MC-MR setting. At the running time
growing with 1/e in at most the square order, they produce

2 (1 + ¢) i-approximate solutions in general, and (1 + ¢) fi-
approximate solutions if D is acyclic. Compared to the existing
approximation algorithms based on the LP approach, these
approximation bounds are only slightly larger by a factor 1+¢,
but they are much faster and simpler. Underlying the combi-
natorial approach followed by these algorithms is the intrinsic
relation between interference costs and prices of a path and the
maximum (concurrent) multifiow. These algorithms iteratively
compute a sequence of least interference-cost routing paths
along which the flows are routed. By leveraging the techniques
in [3], [2], [6], we can further speed up these algorithms and
the details will be reported in the full version of this paper.
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