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Abstract—We provide an improved bound for the expectation
of the stationary delay under the maximum weight scheduling
(MWS) policy in one-hop wireless networks. In the model, the
interference of the links is characterized by an interference graph
G = (V,E). For a vector µ ∈ R

|V |
+ , let χf (G,µ) be the weighted

fractional coloring number for the graph G under the weight
vector µ. For an arrival rate vector λ in the capacity region, we
define a quantity ε(λ) to be the unique value satisfying the condi-
tion χf (G,λ+ε(λ)e) = 1, where e = (1, 1, . . . , 1)T . We show that
the stationary delay is upper-bounded by B/(2(

∑|V |
i=1 λi)ε

(λ)),
where B is a constant depending on the arrival process. We
show that the new bound is the tightest single-parameter bound
obtainable with an often-used analytical framework. Generalizing
the above, we also provide the tightest bounds for all MWS-w
policies.
Index Terms—wireless link scheduling; delay; maximum

weight schedule; stability; queue size

I. INTRODUCTION
In many wireless communication systems, wireless links

share a common communication medium and simultaneous
link transmissions may cause interference. Researchers address
the interference problem by devising link scheduling policies
(algorithms) that optimize performance objectives of choice.
Throughput has been considered as one of the most impor-
tant performance metrics and the throughput performance of
various scheduling algorithms have been intensively studied.
Recently, researchers are increasingly interested in the delay
performance of link scheduling algorithms [1] [2]. This paper
studies the expected delay and the sum of the expected queue
sizes1 under the well-known maximum weight scheduling
(MWS) policy and one of its generalizations, which we call
MWS-w.
Link interference may have different consequences in dif-

ferent families of wireless communication technologies. The
paper focuses on one of the important cases, known as the
protocol interference model, in which the transmission of a
link (i.e., a transmitter-receiver pair) can be successful only
when there is no interference from other link transmissions.
In [3], Tassiulas et al. proposed the MWS policy and

showed that it is throughput optimal when applied to the
protocol model. Under the MWS policy, the set of links that
are scheduled for transmission on each time slot corresponds
to a weighted maximum independent set (WMIS) of the
interference graph, where the weight of a node is the queue

1The two are related through Little’s Law, and having one gives the other.

length of the corresponding wireless link. Later, researchers
considered a generalization, the MWS-w policy, which is also
throughput optimal [2]. The difference is that, in MWS-w
where w = (wi)i is a positive vector, the weight of each node
i is equal to its queue length multiplied by wi. It has been
observed experimentally that the queue sizes and delays are
small under the MWS policy for the 2-hop interference model,
which is a special case of the protocol interference model [2].
It is worth pointing out that the WMIS problem is NP-hard in
general. Hence, the good throughput and delay performance
does not come for free.
The most relevant prior work to this paper includes [1] [2]

[4]. In [4], we presented an upper bound for the expected
delay under the MWS policy, which is an improvement over
the bound given in [1]. The bounds in [1] and [4] are what
we call single-parameter bounds. Given an arrival rate vector
λ in the interior of the capacity region, a single parameter is
created to characterize the traffic intensity to the entire network
system and the bounds directly depend on such a parameter.
The relevant bound for an MWS-w policy in [2], with an
appropriately chosen w, is a multi-parameter bound.
This paper not only presents improved single-parameter

bounds, but asks how much more improvement can be made.
Applying the analytical framework used in [2] [4], we first
generate a family of bounds. Then, we find the tightest bound
by minimizing over the entire family. As a result, we show that
the new bound is the smallest single-parameter bound for the
MWS policy that are obtainable through the aforementioned
framework. Generalizing that result, we have also derived the
tightest bound under each MWS-w policy, one for each fixed
w. Furthermore, we show that an important bound found in
[2] is the best multi-parameter bound for all MWS-w policies.
In developing the new bounds, we are able to relate the new
bounds with those in [2] [4].
On the theoretical side, in both [4] and the current paper,

we have made extensive use of graph-theoretical quantities,
such as the fractional coloring number. The connection with
graph theory was instrumental in revealing the hardness of
the wireless scheduling problem in prior work [5] [6]. Further
exploration of the connection can be fruitful in the future.
In addition, the graph-theoretical quantities used in this paper
can be defined by linear optimization problems. The paper
emphasizes the geometric aspects of these problems and
provides geometric interpretation on where the tightest bounds
are achieved.
We next provide some additional discussion about the978-1-4799-3360-0/14/$31.00 c© 2014 IEEE
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related literature. In [2], the aforementioned multi-parameter
bound is used to show that the expected delay under that
MWS-w policy is at least as good as any randomized policy
that assigns constant activation probabilities to the schedules.
In addition, [2] contains results on the lower bound for the
expected delay under any scheduling policy. In recent years,
there has been an increasing number of studies on the delay
performance under various other scheduling algorithms. For
example, in [7], the authors propose a backpressure algo-
rithm for multi-hop networks using first-in-first-out (FIFO)
queueing. The algorithm is proven to be utility-optimal and
a delay bound is given. Our work in [4] also contains delay
bounds under the longest-queue-first policy and approximate
MWS policies. Sample studies about the delay performance
under CSMA-like randomized algorithms include [8] and
[9]. Previous research on network-switch scheduling supplied
many results that are applicable to wireless link scheduling
with appropriate modifications [10] [11]. In [11], the authors
investigate bounds for the expected queue size in virtual-
output-queued switches. Their object of study corresponds to a
special case of the wireless link scheduling problem, which is
the node exclusive interference model on a complete bipartite
network graph. The authors of [1] provide a generalization
for arbitrary networks and interference relationship under the
MWS algorithm.
There is a stream of literature that studies the expected

queue sum under the MWS-w policy in the heavy traffic
regime [12] [13]. The relevant result in [13] is roughly as
follows. Let ν be a point in the relative interior of a facet of
the capacity region whose outer normal is c (also with unit
length). Let λε = ν − εc for ε > 0. Under any scheduling
policy, the expectation of the weighted queue sum, E[cTQ],
grows at least as fast as Z/ε as ε→ 0, where Z is a constant
depending on c; the MWS policy achieves ζ. In our case, the
arrival rate vector λ is fixed. The expected queue sum is upper-
bounded by 1

2B divided by a “distance” of λ to the boundary
of the capacity region, where B is constant. We ask: What
is the best measure of distance that gives the tightest upper
bound under the MWS policy?
This paper is structured as follows. In Section II, we provide

the system model. Useful graph theoretical quantities and
supporting lemmas are given in Section III. In Section IV,
we derive single-parameter bounds for the expected queue-
size sum and the expected delay under the MWS and MWS-w
policies. In Section V, we show the new bounds are the best of
a family. We also show that the multi-parameter bound in [2] is
also the tightest and how it is related to our bounds. Additional
theoretical results are given in Section VI. The conclusions are
in Section VII.

II. SYSTEM MODELS

We assume the following widely used models.

A. Network and Interference Model
We consider a wireless network with one-hop traffic. That

is, any data is transmitted only once, and after that, it leaves
the network. Let L be the set of the wireless links. The system
is time-slotted, the packet sizes are identical, and the capacity
of every link is one packet per time slot.

We model the interference relations of the wireless links
with an interference graph, G = (V,E). Each wireless link
in the physical network is represented by a node v ∈ V .
Two nodes v1, v2 ∈ V are connected in G if and only if
the corresponding links in the network interfere with each
other. We assume symmetric interference relation; thus G
is undirected. This interference model is also known as the
protocol interference model. Let the number of nodes in G be
denoted by N , i.e., N = |V |. The links in L and the nodes in
V are both indexed as 1, 2, . . . , N and they have one-to-one
correspondence in that order.
A feasible schedule is defined to be a set of non-interfering

nodes in G. A maximal schedule is a feasible schedule that
cannot include any more nodes without causing interference.
A feasible schedule corresponds to an independent set in G.
We denote the set of all maximal schedules by ML. When
applicable, ML is also regarded as a N × |ML| 0-1 matrix.
Each column of the matrix is a 0-1 vector representation of
a maximal independent set of G, with 1 indicating that the
corresponding node (in G) is selected (and the corresponding
wireless link is activated in the schedule) and 0 otherwise.
Throughout the paper, we use the term schedule to refer to a
maximal schedule, unless mentioned otherwise.

B. Traffic Model
The packets arriving for a wireless link are queued at the

transmitter (sender) of the link. There is one queue for each
link, or equivalently, there is one queue associated with each
node in the interference graph. Each arrival process is i.i.d. in
time; and the arrival processes for all the links are mutually
independent. Let Ai(t) denote the number of packets arriving
at link i at time t. Since the distribution of Ai(t) is time
invariant, we use E[Ak

i ] to denote its k-th moment, if it exists.
We assume the second moment E[A2

i ] exists for every i. Let
A(t) denote the vector (Ai(t))i∈V . Let Q(t) be the queue
length vector, i.e., Q(t) = (Qi(t))i∈V , where Qi(t) is the
queue length of link i (or equivalently, node i).
A link can transmit a packet on a time slot only if it is

selected in the current schedule and its queue is non-empty.
At each queue, at most one packet can be served on any time
slot. For each link i, let Di(t) indicate whether or not link i
transmits a packet on time slot t. Note that

Di(t) =

{

1, if Qi(t) ≥ 1 and i is scheduled.
0, otherwise.

(1)

Since the capacity of each link is one packet per time slot,
Di(t) is also the number of departures from queue i at time
t. Let D(t) = (Di(t))i∈V . The evolution of the queues is as
follows:

Q(t+ 1) = Q(t) +A(t)−D(t). (2)

C. System Stability and Scheduling Policies
We adopt the conventional definition of the capacity region

Λ (see [3]).

Λ ={λ |0 ≤ λ ≤ µ for some µ ∈ Co(ML)},
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where Co(ML) stands for the convex hull of the column
vectors in ML. The interior of the capacity region, denoted
by Λo, is defined as:

Λo ={λ |0 ≤ λ < µ for some µ ∈ Co(ML)}.

Λ\Λo is called the boundary of Λ.
Stability of the queueing system is defined as: The irre-

ducible discrete-time Markov chain (DTMC) that represents
the system is positive recurrent. It has been shown in [3] that
the stability region is Λo. A scheduling algorithm is said to
be throughput-optimal if it keeps the queues stable under any
arrival rate vector in Λo.
In general, for any vector x, let xi denote its i-th component.

For a vector or matrix x, let xT denote its transpose. Let
e = (1, 1, . . . , 1)T ; its dimension depends on the context.
The MWS policy is defined as follows. The selected sched-

ule on each time slot t, denoted by m(t), has the maximum
total weight; that is, m(t)TQ(t) ≥ mTQ(t) for all m ∈ ML.
The weight of node i is its queue size at time t, Qi(t). The
MWS-w policy will be defined when needed.

III. PRELIMINARY: GRAPH THEORETICAL QUANTITIES
This section presents key concepts, notations and supporting

lemmas related to certain graph-theoretical quantities that are
central to the new bounds.
Under the protocol interference model, the capacity re-

gion can be characterized using the concept of fractional
coloring. Let λ ∈ RN

+ be a (component-wise) non-negative
vector. Consider the following optimization problem, where
α = (αm)m∈ML is the decision variable.

χf (G,λ) ! min eTα, subject to MLα ≥ λ, α ≥ 0. (3)

The optimal value χf (G,λ) is called the weighted fractional
coloring/chromatic number, where λ is the weight vector.
We denote the weighted independence number of graph G,

i.e., the total weight of a WMIS, by π(G, z), where z ∈ RN
+ is

the weight vector. We denote χf (G, e) and π(G, e) by χf (G)
and π(G), respectively. Then, χf(G) is the fractional coloring
number and π(G) is the size of a maximum independent set.
When λ is the arrival rate vector to the queues in the

wireless network, χf (G,λ) can be understood as the traffic
load or intensity to the queueing system. The following is an
easy extension of a result in [5].

Lemma 1. (i) For each k > 0, λ ∈ kΛo if and only if
χf (G,λ) < k; (ii) λ ∈ Λ\Λo if and only if χf (G,λ) = 1.

The following simple properties hold. Recall that χf (G,λ)
is only defined on RN

+ .

Lemma 2. (i) For any scalar b ≥ 0 and λ ∈ RN
+ , χf (G, bλ) =

bχf (G,λ); (ii) χf (G,λ) = 0 if and only if λ = 0.

It can be checked that χf (G,λ) satisfies the triangle in-
equality.

Lemma 3. For any λ, µ ∈ RN
+ ,

χf (G,λ) + χf (G,µ) ≥ χf (G,λ+ µ), (4)

where equality is achieved if λ = bµ for some b ≥ 0.

Thus, χf (G,λ) possesses norm-like properties. However,
its domain of definition is RN

+ , which is not a vector space.

Lemma 4. For λ ∈ RN
+ , maxi λi ≤ χf (G,λ) ≤ eTλ.

Proof: Consider an arbitrary α ≥ 0 such that MLα ≥ λ.
Since the entries of the matrixML are 0 or 1, we have eTα ≥
(MLα)i for all i. Thus, we have eTα ≥ λi for all i. Hence,
χf (G,λ) ≥ λi for all i.
For the upper bound, consider the dual problem to the

problem in (3).

wf (G,λ) ! maxλTβ, subject to MT
L β ≤ e, β ≥ 0. (5)

Note that the matrix ML cannot have a row with all zeros.
Let the column vectors of MT

L be denoted by c1, c2, . . . , cN .
Hence, ci '= 0 for all i. Then, the inequality MT

L β ≤ e can
be written as

∑N
i=1 βici ≤ e. For each i = 1, 2, . . . , N , we

must have βici ≤ e. Since ci is a 0-1 valued vector with at
least one non-zero entry, we see that βi ≤ 1 for every i. Thus,
β ≤ e and the objective value λTβ ≤ λT e.
The optimal value of the problem in (5), wf (G,λ), is known

as the fractional weighted clique number.

IV. IMPROVED SINGLE-PARAMETER BOUNDS FOR DELAY
AND QUEUE SUM

In this section, we define a new parameter ε(λ) for λ ∈ Λo

and use it to derive new bounds for the expected delay and
the sum of the expected queue sizes under the MWS policy.
We show that the new bounds are improvement over earlier
single-parameter bounds.

A. Improved Bounds through ε(λ)

In our earlier work [4], we provided the following bound
for the stationary queue sum under MWS. For λ ∈ Λo,

E[
N
∑

i=1

Qi(t)] ≤
B

2ζ(λ)
, (6)

where B =
∑N

i=1(λi + E[A2
i ]− 2λ2i ) and ζ(λ) =

1−χf (G,λ)
χf (G) .

Next, we will define another scalar ε(λ) and show that it
can replace ζ(λ) and provide a better bound.

Definition 1. For any λ ∈ Λ, define ε(λ) to be the unique
value satisfying χf (G,λ+ eε(λ)) = 1.

We will check that ε(λ) is well defined. It is convenient to
define ε(λ) for all λ ∈ Λ̂, where Λ̂ ! Λ + {be : b ∈ R+}.

Lemma 5. For any λ ∈ Λ̂, the solution ε that satisfies
χf (G,λ+ εe) = 1 exists and is unique.

Proof: The existence of such ε is trivial since λ + εe
hits Λ\Λo for the right value of ε. Next, suppose there exists
ε′ '= ε such that χf (G,λ+ε′e) = 1. Without loss of generality,
suppose ε′ > ε. We then have a vector β ≥ 0 such that eTβ =
1 and MLβ ≥ λ+ ε′e > λ+ εe. Then, there exist a constant
b, where 0 < b < 1, and a vector β′ = bβ such that MLβ′ ≥
λ+ εe. Since eTβ′ = b < 1, we get χf (G,λ+ εe) < 1, which
is a contradiction.
The following can be checked.
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Lemma 6. If λ ∈ Λo, then ε(λ) > 0. If λ ∈ Λ\Λo, then
ε(λ) = 0. If λ ∈ Λ̂\Λ, then ε(λ) < 0.

Lemma 7. For λ ∈ Λ̂ and b ∈ R such that λ+ be ∈ Λ̂,

ε(λ) = b+ ε(λ+be). (7)

Proof: ε(λ+be) is equal to the value ε such that
minα≥0,MLα≥λ+be+εe eTα = 1. For such ε, b + ε is equal
to ε(λ) by definition.
Next, we show ε(λ) is no less than ζ(λ).

Lemma 8. For λ ∈ Λ, ε(λ) ≥ ζ(λ). Equality is achieved if
λ = be ∈ Λ, where b ∈ R+.

Proof: By the triangle inequality (see Lemma 3) and the
definition of ε(λ), we get

χf (G,λ) + χf (G, ε(λ)e) ≥ χf (G,λ + eε(λ)) = 1, (8)

where equality is achieved if λ = be for some b ≥ 0. For
λ ∈ Λ, by Lemma 6, ε(λ) ≥ 0. By Lemma 2, we have
χf (G, ε(λ)e) = ε(λ)χf (G, e) = ε(λ)χf (G). By substituting
this result back to (8), we get

ε(λ) ≥
1− χf (G,λ)

χf (G)
= ζ(λ),

where equality is achieved if λ = be for some b ≥ 0.

Corollary 1. If λ = be ∈ Λ, where b ≥ 0, then

ε(λ) =
1− bχf (G)

χf (G)
= ζ(λ).

The next lemma shows an equivalent definition of ε(λ) by
a linear optimization problem.

Lemma 9. For a vector λ ∈ Λ, ε(λ) is the optimal value of
the following optimization problem.

ε(λ) ! max ε, subject to MLα ≥ λ+ εe, eTα = 1,α ≥ 0.
(9)

Proof: Let ε∗ and α∗ be an optimal solution to the
problem in (9). Clearly, χf (G,λ + ε∗e) ≤ 1. Suppose
χf (G,λ + ε∗e) < 1. Then, by Lemma 1, λ + ε∗e ∈ Λo.
By the definition of Λo, there exists µ ∈ Co(ML) such that
µ > λ+ε∗e. That is, there exists α ≥ 0 such that eTα = 1 and
µ = MLα > λ+ ε∗e. Then, there exists εo such that εo > ε∗

and MLα ≥ λ + εoe. This violates the optimality of ε∗ for
the problem in (9). We conclude that χf (G,λ+ ε∗e) = 1 and
hence ε∗ = ε(λ).
The next theorem provides an improved bound for the

expected queue-length sum under the stationary distribution
if the system is under the MWS policy.

Theorem 1. Under the MWS policy, for any arrival rate vector
λ ∈ Λo, the following holds under the stationary distribution.

E[
N
∑

i=1

Qi(t)] ≤
B

2ε(λ)
, (10)

where B =
∑N

i=1(λi + E[A2
i ]− 2λ2i ).

Proof: Consider the quadratic Lyapunov function Φ :
RN

+ → R+ defined by Φ(Q) =
∑N

i=1 Q
2
i . The drift of the

Lyapunov function satisfies the following:

Φ(Q(t+ 1))− Φ(Q(t))

= (Q(t+ 1)−Q(t))T (Q(t+ 1) +Q(t))

= (A(t) −D(t))T (2Q(t) +A(t) −D(t))

= 2(A(t)−D(t))TQ(t) + (A(t) −D(t))T (A(t)−D(t))

= 2(A(t)−D(t))TQ(t)

+A(t)TA(t) +D(t)TD(t)− 2A(t)TD(t). (11)

If the network is stable under a given policy,
(Q(t), A(t), D(t)) forms a positive recurrent DTMC [3]
and a stationary distribution exists. Under the stationary
distribution, for a lower-bounded k-th-degree polynomial
function h : RN → R, we have E[h(Q(t+1))−h(Q(t))] = 0,
if the k-th moments exists [14] [15]. Since Φ satisfies the
condition, under the stationary distribution,

0 = E[Φ(Q(t+ 1))− Φ(Q(t))]

= 2E[(A(t)−D(t))TQ(t)] + E[A(t)TA(t)]

+ E[D(t)TD(t)]− 2E[A(t)TD(t)]. (12)

Next, we bound the terms in (12). First,

E[A(t)TQ(t)] = λT E[Q(t)].

Under the MWS policy, for any µ ∈ Λ, we have2

D(t)TQ(t) ≥ µTQ(t). (13)

Suppose λ ∈ Λ. Let µ = λ + ε(λ)e. We know that µ ∈ Λ.
Thus, we have

2E[(A(t)−D(t))TQ(t)] ≤ 2(λ− µ)T E[Q(t)]

= − 2ε(λ)eT E[Q(t)].

Since Di(t) ∈ {0, 1} for each i, we have D2
i (t) = Di(t).

At stationarity, we also have E[A(t)] = E[D(t)]. Thus,

E[D(t)TD(t)] = E[
N
∑

i=1

Di(t)] =
N
∑

i=1

λi. (14)

Since Ai(t) is independent of Di(t), we have

E[A(t)TD(t)] = E[A(t)]T E[D(t)] =
N
∑

i=1

λ2i . (15)

0 ≤ −2ε(λ)eT E[Q(t)] +
N
∑

i=1

λi +
N
∑

i=1

E[A2
i ]− 2

N
∑

i=1

λ2i .

After rearrangement, we arrive at (10).

By applying Little’s law, which says the product of the
average arrival rate and the average delay experienced by an
2By the definition of the MWS policy, the schedule selected at time t,

denoted by m(t), satisfies m(t)TQ(t) = π(G,Q(t)). If Qi(t) = 0, then
Di(t)Qi(t) = mi(t)Qi(t) = 0. By (1), if Qi(t) ≥ 1 and mi(t) = 1, then
Di(t) = 1; if Qi(t) ≥ 1 and mi(t) = 0, then Di(t) = 0. In all these cases,
we have Di(t)Qi(t) = mi(t)Qi(t). Hence, (13) holds.
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arrival is equal to the average queue size, the following bound
on the expected delay, d̄, is obtained.

Corollary 2. Under MWS, for λ ∈ Λo,

d̄ ≤
B

2(
∑N

i=1 λi)ε
(λ)

. (16)

B. Challenges in Computing ε(λ)

Computing ε(λ) is NP-hard, which can be shown by a
reduction of the fractional coloring problem. Let the scalar
b ≥ 0 be such that be ∈ Λo. By Corollary 1, ε(be) = (1 −
bχf (G))/χf (G). Hence, one can solve for ε(be) if and only if
one can solve for χf (G), the fractional coloring number. For
an interference graph G = (V,E), the vector e/|V | ∈ Λ, and
hence, e/(2|V |) ∈ Λo. One can take b = 1/(2|V |).
The fractional coloring problem (more precisely, its decision

version) is NP-complete. Grötschel et al. [16] [17] established
an equivalence between the fractional coloring problem and
the maximum weight independent set (MWIS) problem. Fur-
thermore, an approximate solver for the MWIS problem can
be used to derive an approximation algorithm for the fractional
coloring problem. In [18] [19], the approximation ratio of
the MWIS solver is directly carried to the latter problem’s
solution. However, it is also known that the MWIS problem
does not admit a polynomial time approximation algorithm
with an approximation ratio |V |δ for some δ > 0 [20].
It is NP-hard to compute χf (G,λ) in general. Also the

existence of a polynomial-time algorithm that provides ap-
proximation within N

2
√

log N implies P= NP [21].

C. Performance Comparison between ε(λ) and ζ(λ)

Next, we will investigate the gap between ε(λ) and ζ(λ). We
will show that ε(λ)/ζ(λ) may scale linearly in the number of
network links.

12

76

5

4 3

Fig. 1. Illustration of K-clique with an extra node attached; K = 6.

Consider an interference graph G that consists of a K-
clique, where K ≥ 3, and an extra node attached to the
clique by a single edge. The extra node is indexed as node
1. Fig. 1 illustrates one of such graphs where K = 6.
Consider a vector λ = (1 − 2/K, 0, . . . , 0)T . Note that
only the extra node attached to the clique has a non-zero
value in λ. By Lemma 4, maxj λj ≤ χf (G,λ) ≤ eTλ.
Hence, χf (G,λ) = 1 − 2/K . Also, it is easy to check that
χf (G) = K . Thus, ζ(λ) = 1−(1−2/K)

K = 2/K2.
Let µ = λ + 1

K e = (1 − 1/K, 1/K, . . . , 1/K)T . Ob-
serve that the maximal schedules are: (1, 0, 1, 0, . . . , 0)T ,
(1, 0, 0, 1, 0 . . . , 0)T , . . ., (1, 0, 0, . . . , 0, 1)T together with
(0, 1, 0, 0, . . . , 0)T . It is easy to verify that the vector α =
(1/K, . . . , 1/K)T is the optimal solution for computing

χf (G,µ), which implies χf (G,µ) = 1, and hence, ε(λ) =
1/K . Thus, we have ε(λ) = K

2 ζ
(λ), indicating that ε(λ)/ζ(λ)

may scale linearly with the node count in the interference
graph G.

V. OPTIMALITY OF THE NEW BOUNDS
In this section, we will show that the new bound for the sum

of the expected queue sizes is not only an improvement over
the earlier bound, it is also the best bound that is obtainable
using the often-used analytical framework of this paper. To
reach that conclusion, we will derive some general bounds
under the MWS-w policy, and then, specialize the results to
the case of the MWS policy.
Throughout this section, we assume that the given arrival

rate vector λ satisfies λ ∈ Λo unless mentioned otherwise.

A. Tightest Single-Parameter Bound under MWS-w Policy
The MWS-w policy is a generalization of the MWS policy

in that the weight assignment at each node i ∈ V is its queue
length scaled by a positive constant wi. More precisely, let
w = (wi)i be a positive scaling vector. Let the weight of
node i at time t be zi(t) = wiQi(t), and let z(t) = (zi(t))i
be the weight vector at time t. Under the MWS-w policy, the
chosen schedulem(t) at each time slot t satisfiesm(t)T z(t) ≥
mT z(t) for all m ∈ ML.
Consider a fixed scaling vector w > 0. We will first derive

a whole family of upper bounds for the sum of the expected
queue sizes. They are all derivable by analyzing the drift of a
family of Lyapunov functions.

Lemma 10. Under the MWS-w policy where w > 0, for any
µ such that µ ∈ Λ and µ > λ, we have

N
∑

i=1

E[Qi(t)] ≤

∑N
i=1 wiBi

mini wi(µi − λi)
, (17)

where Bi =
1
2 (λi + E[A2

i (t)]− 2λ2i ) for each i.

Proof: Given w > 0, define a Lyapunov function Φw by

Φw(Q) =
1

2

N
∑

i=1

wiQ
2
i . (18)

Let the one-step drift at time t be ∆(t;w) = Φw(Q(t+1))−
Φw(Q(t)). We have the following.

∆(t;w) =
1

2

N
∑

i=1

wi(Qi(t+ 1)−Qi(t))(Qi(t+ 1) +Qi(t))

=
N
∑

i=1

wi(Ai(t)−Di(t))Qi(t)

+
1

2

N
∑

i=1

wi(Ai(t)−Di(t))
2.

By taking the conditional expectation and using the fact that,
under the assumed scheduling policy,

N
∑

i=1

wiDi(t)Qi(t) ≥
N
∑

i=1

wiµiQi(t), for all µ ∈ Λ, (19)
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we get

E[∆(t;w)|Q(t)] ≤
N
∑

i=1

wi(λi − µi)Qi(t)

+
1

2

N
∑

i=1

wiE[(Ai(t)−Di(t))
2|Q(t)]. (20)

It is easy to check

1

2

N
∑

i=1

wi E[(Ai(t)−Di(t))
2] =

N
∑

i=1

wiBi.

Continue from (20). After taking another expectation and by
setting E[∆(t;w)] = 0 under stationarity, we get

N
∑

i=1

wi(µi − λi)E[Qi(t)] ≤
N
∑

i=1

wiBi. (21)

Observe that, for any fixed vectors w and µ, where w ≥ 0
and µ ≥ λ, and for any non-negative vector (E[Qi(t)])i, the
following holds.

(min
i

wi(µi − λi))
N
∑

i=1

E[Qi(t)] ≤
N
∑

i=1

wi(µi − λi)E[Qi(t)].

(22)

Equality is achieved in the case where E[Qi(t)] > 0 only for
i ∈ argminiwi(µi − λi).
Then, under the given w > 0, for any µ such that µ ∈ Λ

and µ > λ, there is an upper bound for
∑N

i=1 E[Qi(t)], as
given in (17).
Next, we wish to make the upper bound as tight as possible

over µ ∈ Λ and µ > λ. We will argue that it is enough to
consider the following optimization problem.

min
µ

∑N
i=1 wiBi

mini wi(µi − λi)
(23)

s.t. µ ≥ λ, µ ∈ Co(ML). (24)

In other words, it is enough to consider only those µ ≥ λ
that satisfies µ ∈ Co(ML). First, suppose the tightest bound
is achieved at some µ ∈ Λ where µ > λ. By the definition
of Λ, there always exists ν ∈ Co(ML) such that ν ≥ µ.
Clearly, the bound achieved under ν is at least as tight as
that under µ. Hence, it is enough to consider the constraints
defined by µ > λ and µ ∈ Co(ML). Second, recall that
λ ∈ Λo, which means that there exists µ ∈ Co(ML) such
that λ < µ. Hence, the problem in (23)-(24) is feasible.
Furthermore, any optimal solution to the problem must occur
at some µ > λ. Otherwise, the objective value will be infinitely
large, violating the feasibility of the problem. Therefore, it
makes no difference whether to write the constraints as µ ≥ λ
or µ > λ.

Definition 2. For any λ ∈ Λ, w ∈ RN
+ and w > 0, define

ε(λ,w) to be the unique value satisfying χf (G,λ+ ε(λ,w)w) =
1.

Note that ε(λ) is a special case: ε(λ) = ε(λ,e). As in Lemma
9, ε(λ,w) has an alternative definition through a linear program.

ε(λ,w) ! max
α,ε

ε

s.t.MLα ≥ λ+ εw,

eTα = 1,α ≥ 0.

We can now generalize Theorem 1.

Theorem 2. Under the MWS-w policy, where w > 0, for
any arrival rate vector λ ∈ Λo, the following holds under the
stationary distribution.

E[
N
∑

i=1

Qi(t)] ≤

∑N
i=1 wiBi

ε(λ,w−1)
, (25)

where w−1 denotes the vector (1/w1, . . . , 1/wN)T .

Proof: Start with the problem in (23)-(24). Since the
constant factor

∑N
i=1 wiBi does not affect the optimal solu-

tion, we will omit it for notational simplicity and re-write the
problem as

max
µ

min
i

wi(µi − λi)

s.t. µ ≥ λ, µ ∈ Co(ML).

Since the optimization problem above is satisfied by a vector
µ ∈ Co(ML), we can re-write the constraints accordingly and
get the following equivalent problem.

max
µ,α

min
i

wi(µi − λi)

s.t. µ ≥ λ,MLα = µ,

eTα = 1,α ≥ 0.

Let ε = mini wi(µi − λi), which implies µj − λj ≥ ε/wj for
all j. Then, the optimization problem can be rewritten as

max
α,ε

ε

s.t.MLα ≥ λ+ εw−1,

eTα = 1,α ≥ 0.

From the linear programming definition of ε(λ,w), we see that
the optimal objective value the above problem is equal to
ε(λ,w

−1). Bringing back the constant factor
∑N

i=1 wiBi, we
arrive at the conclusion of the theorem.

Corollary 3. For any w ∈ RN
+ with w > 0 and for any arrival

rate vector λ ∈ Λo, the following holds.
∑N

i=1 wiBi

ε(λ,w−1)
≤

∑N
i=1 wiBi

mini wi(µi − λi)
, for all µ ∈ Λ, µ > λ.

Proof: The proof for Theorem 2 shows that, for all µ ∈
Co(ML) and µ ≥ λ,

∑N
i=1 wiBi

ε(λ,w−1)
≤

∑N
i=1 wiBi

mini wi(µi − λi)
.

The comments after (23)-(24) show that the above inequality
holds for all µ ∈ Λ and µ > λ.

IEEE INFOCOM 2014 - IEEE Conference on Computer Communications

570



Remark. Lemma 10, Theorem 2 and Corollary 3 together
demonstrate that, under the MWS-w policy, if we wish to find
the tightest bound for the queue sum, we only need to look for
a vector µ̃ ∈ Λ and µ̃ > λ in the direction w−1, starting from
the vector λ ∈ Λo. When the ray {λ+ εw−1 : ε ≥ 0} hits the
boundary of Λ, we have ε = ε(λ,w−1) and the resulting vector
µ̃ = λ+ ε(λ,w

−1)w−1 provides the tightest bound.
Note that ||µ̃ − λ|| = ε(λ,w

−1)||w−1||, where the norm is
the Euclidean norm. Hence, the bound in (25) is inversely
proportional to the distance from λ to the boundary of Λ along
the direction w−1. Also note that wi = ε(λ,w

−1)/(µ̃i−λi) for
each i.
By letting w = e, we arrive at the conclusion that under

MWS, the bound in Theorem 1, B
2ε(λ) , is not only an improve-

ment, but also the tightest with our analytical framework. Since
this is a key result of the paper, we state it formally.

Corollary 4. Under the MWS policy, for any arrival rate
vector λ ∈ Λo, B

2ε(λ) is the tightest bound for the sum of the
expected queue sizes under the stationary distribution (obtain-
able through the analytical framework considered here).

The analysis conducted above establishes the significance
of ε(λ). We must emphasize that B

2ε(λ) is the tightest bound
obtainable through the analytical framework used here, which
can be summarized as follows.

• A family of bounds are obtained by analyzing the drift
of the Lyapunov function Φw given in (18).

• The best bound is found by minimization over the family.

B. Tightest Multi-Parameter Bound over All MWS-w Policies

In this section, we will show that the multi-parameter
bound developed in [2] is the tightest within our analytical
framework.
The authors of [2] provided the following important bound.

Define Bo by

Bo ! min
µ

N
∑

i=1

Bi

µi − λi
, subject to µ > λ, µ ∈ Λ, (26)

where each Bi is the same as given in Lemma 10. Let µ∗ be
an optimal solution to the problem in (26) and let the vector
w∗ be such that w∗

i = 1/(µ∗
i −λi) for each i. Then, under the

particular MWS-w∗ policy, E[
∑N

i=1 Qi(t)] ≤ Bo. The bound
Bo requires multiple parameters, µ∗

i , for i = 1, . . . , N . Hence,
we call it a multi-parameter bound. The bound Bo is closely
connected to the results and method of this paper, and we now
explore the connection.
In the following, we will address why w∗ is chosen to be

w∗
i = 1/(µ∗

i − λi) for each i, or whether a better policy with
a better bound exists. Specifically, one may wonder whether
there exists some w̃ > 0 such that the MWS-w̃ policy has a
tighter bound. We now provide the answers.
Consider a fixed λ ∈ Λo. Recall that by Theorem 2, for any

fixed w > 0, the tightest bound for the queue sum under
the MWS-w policy is

∑N
i=1 wiBi/ε(λ,w

−1). The following
theorem says that Bo is the tightest bound among all the
bounds corresponding to different MWS-w policies.

Theorem 3. For any arrival rate vector λ ∈ Λo,

Bo ≤
N
∑

i=1

wiBi/ε
(λ,w−1), for all w > 0.

Proof: We start by trying to make the upper bound in
Lemma 10 as tight as possible over all w > 0, µ ∈ Λ and
µ > λ. Using a similar argument given after (23)-(24), it is
enough to consider the following optimization problem.

min
µ,w

∑N
i=1 wiBi

mini wi(µi − λi)
(27)

s.t. µ > λ, µ ∈ Co(ML), w > 0. (28)

The problem in (27)-(28) can be solved by first minimizing
over w and then minimizing over µ. For the minimization over
w under a fixed µ, the objective function value,

∑N
i=1 wiBi

mini wi(µi−λi)
,

is invariant with respect to linear scaling of w. Hence, we can
set mini wi(µi − λi) = 1. Thus, for a fixed µ > λ, we need
to solve the following.

min
w

N
∑

i=1

wiBi

s.t. w > 0, min
i

wi(µi − λi) = 1.

Since each Bi is non-negative, an optimal solution is wi =
1/(µi − λi) for every i. Then, the minimization over µ
becomes3

Bo = min
µ

N
∑

i=1

Bi

µi − λi
, subject to µ > λ, µ ∈ Co(ML).

To summarize, what we have shown here is that Bo is the
tightest multi-parameter bound over all MWS-w policy. That
is, no MWS-w policy can do better than MWS-w∗ in terms of
the obtainable bound. The decision of setting w∗

i = 1/(µ∗
i −

λi) for each i is optimal.

C. Single vs. Multi-Parameter Bounds
The multi-parameter bound Bo =

∑N
i=1

Bi

µ∗
i −λi

is very
interesting. As pointed out in [2], Bo is a sum of terms
corresponding to individual queues. Also, since µ∗ ∈ Λ, it
can be viewed as a service rate vector. Consider a system of
N independent single-server queues with an arrival rate λi and
service µ∗

i for each queue i. Under fairly general conditions,
the expected size of each queue i is proportional to 1

µ∗
i −λi

.
For our system, one may conjecture whether each queue i
is individually bounded by Bi

µ∗
i −λi

, whether the bound Bo is
indeed equal to the expected queue sum under a wide class of
arrival processes, or more strongly, whether each term Bi

µ∗
i −λi

is the expected queue size of queue i.
Note that the only relaxation in the steps of deriving the

bound are inequalities (19) and (22). In the case of w∗
i =

1/(µ∗
i −λi) for each i, (22) is in fact equality. A key question

3As before, the constraint µ > λ can be replaced by µ ≥ λ and µ ∈
Co(ML) can be replaced by µ ∈ Λ.
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is therefore whether or when the following holds under MWS-
w∗.

E[
N
∑

i=1

Di(t)Qi(t)

µ∗
i − λi

] = E[
N
∑

i=1

µ∗
iQi(t)

µ∗
i − λi

]. (29)

The question points to an interesting line of future inquiries.
On the other hand, consider the single-parameter bound in

(25) for a fixed w > 0. The value of the bound can also
be derived by solving the problem in (23)–(24). Let µ̃ be
an optimal solution, which depends on the fixed w. Then,
the bound is

∑N
i=1 wiBi

mini wi(µ̃i−λi)
. Although the bound can also be

interpreted as a sum of individual terms, Bj

mini wi(µ̃i−λi)/wj
,

one for each queue j, it is unlikely that every term is a good
bound for the corresponding queue. The reason is that, in
general, the denominator miniwi(µ̃i − λi)/wj is not equal
to a service rate minus the arrival rate for queue j, unless
j ∈ argmini wi(µ̃i − λi), or wj = 1/(µ̃j − λj) for all j.
The distinction between the single or multi-parameter

bounds has to do with whether or not some measure of the
traffic intensity to the queueing system is specified by a single
parameter or multiple parameters. In the single-parameter case,
1 − ε(λ) can be viewed as taking over the role of the traffic
intensity (i.e., load). In the multi-parameter case, the traffic
intensity is not described by a single value but by a set of
values, λi/µ∗

i , for i = 1, . . . , N . Finally, the multi-parameter
bound applies only to the MWS-w∗ policy whereas there is a
single-parameter bound for every MWS-w policy with a fixed
w.

VI. ADDITIONAL RESULTS
In this section, we investigate the class of graphs for which

the new and old single-parameter bounds are always identical.
We denote this class by Ω. One of the goals is to further
explore the geometric and graph-theoretical aspects of the
wireless scheduling problem.

Definition 3. Ω is the set of all graphsG such that ε(λ) = ζ(λ)
for all λ ∈ Λ(G)4.

Lemma 11. The following are equivalent:
(i) G ∈ Ω;
(ii) χf(G,λ) + χf (G, ε(λ)e) = 1 for all λ ∈ Λ(G)5 ;
(iii) χf (G,λ+ be) = χf (G,λ) + χf (G, be) for all λ ∈ Λ(G)
and all b ∈ R+ such that λ+ be ∈ Λ(G).

Proof: (i) ⇔ (ii): By the definition of ζ(λ), ε(λ) = ζ(λ)

means that 1 − χf (G,λ) = ε(λ)χf (G) = χf(G, ε(λ)e). That
is, χf (G,λ) + χf (G, ε(λ)e) = 1.
(ii) ⇒ (iii): Given an arbitrary λ ∈ Λ, consider an arbitrary

b ≥ 0 such that λ+ be ∈ Λ. By Lemma 7, ε(λ) = b+ ε(λ+be).
Then,

χf (G, ε(λ)e) = χf (G, (b + ε(λ+be))e)

= χf (G, be) + χf (G, ε(λ+be)e).

4Λ(G) and Λo(G) denote the capacity region and its interior, respectively,
under the interference graph G.
5Since χf (G,λ + ε(λ)e) = 1, we see that ε(λ) = ζ(λ) is equivalent to

χf (G,λ+ε(λ)e) = χf (G, λ)+χf (G, ε(λ)e). That is, the triangle inequality
holds as an equality.

Hence, χf (G,λ) + χf (G, ε(λ)e) = 1 can be written as

χf (G,λ) + χf (G, be) + χf (G, ε(λ+be)e) = 1.

Also, since λ+ be ∈ Λ,

χf (G,λ+ be) + χf (G, ε(λ+be)e) = 1.

From the last two equalities, we get

χf (G,λ + be) = χf (G,λ) + χf (G, be).

That is, the triangle inequality holds with equality for any
λ ∈ Λ and any b ≥ 0 such that λ+ be ∈ Λ.
(iii) ⇒ (ii): Take b = ε(λ).
Recall that χf (G) is defined by the following optimization

problem.

χf (G) ! min eTα, subject to MLα ≥ e, α ≥ 0. (30)

Lemma 12. A graph G is in Ω only if every optimal solution
α to the problem in (30) satisfies MLα = e.

Proof: Suppose a graphG is in Ω. Then, for all λ ∈ Λ(G),
ε(λ) = ζ(λ). Let α be an optimal solution to the optimization
problem in (30). Then,

∑

j αj = χf (G) and (MLα)j ≥ 1 for
all j. Assume there exists an index i such that (MLα)i > 1.
Let δi = ((MLα)i−1)/χf(G). Now define a vector λ = (λi)
by λi = δi and λj = 0 for j '= i and consider χf (G,λ +

1
χf (G)e). Note that (MLα)j/χf (G) ≥ λj+1/χf(G) for all j.
Thus, χf (G,λ+ 1

χf (G)e) ≤
∑

j αj/χf(G) = 1, which implies

λ+ 1
χf (G)e ∈ Λ by Lemma 1. By Lemma 6, ε(λ+

1
χf (G) e) ≥ 0.

Since χf (G) = eTα ≥ maxi(MLα)i, we have δi < 1.
Thus, λ ≤ (1, 0, . . . , 0)T . Since the latter vector is in Λ, we
must have λ ∈ Λ.
By Lemma 7,

ε
(λ+ 1

χf (G) e) = ε
(λ+ 1

χf (G) e−
1

χf (G) e) −
1

χf (G)

= ε(λ) −
1

χf (G)
≥ 0.

Thus, ε(λ) ≥ 1/χf(G).
By Lemma 4, δi = maxj λj ≤ χf (G,λ) ≤ eTλ = δi. That

is, χf (G,λ) = δi. Therefore,

ζ(λ) =
1− χf (G,λ)

χf (G)
=

1− δi
χf (G)

<
1

χf (G)
≤ ε(λ), (31)

which is a contradiction to the assumption that ζ(λ) = ε(λ) for
all λ.6
Remark. It is unknown whether Lemma 12 can be made into
an “if and only if” statement.
We next show that vertex-transitive graphs are potential

members of Ω. First, we need to introduce some definitions
(see [22] for a more details). In the following, we consider
undirected graphs with no loops and no more than one edge
between any two different nodes, i.e., the simple graphs.

6Alternatively, we can apply Lemma 11 (iii). χf (G, λ + e/χf (G)) =
χf (G, λ) + χf (G, e/χf (G)) = δi + 1, which is a contradiction to an
earlier statement that χf (G, λ+ e/χf (G)) ≤ 1.
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Definition 4. An isomorphism from a graph G = (VG, EG)
to a graph H = (VH , EH) is a bijection f : VG → VH such
that (u, v) ∈ EG if and only if (f(u), f(v)) ∈ EH .

Definition 5. An automorphism of a graph G is an isomor-
phism from G to G.

Definition 6. A graph G = (V,E) is vertex-transitive if for
every pair u, v ∈ V there is an automorphism that maps u to
v.

Cyclic graphs are vertex-transitive, e.g., a cycle with 5
nodes, which is denoted as C5.

Lemma 13. For any vertex-transitive graph G, every optimal
solution α to the problem in (30) satisfies MLα = e.

Proof: Consider the dual problem of (30):

wf (G, e) = max eTβ, subject to MT
L β ≤ e, β ≥ 0. (32)

For a vertex-transitive graph G, it is known that the problem
in (32) admits an optimal solution where βi = 1/π(G) for
i = 1, . . . , N [23]. Here, π(G) is the size of a maximum
independent set of the graph. Since βi > 0 for all i, by com-
plementary slackness, we have at least one optimal solution
α∗ to the primal problem in (30) where MLα∗ = e.
Suppose there exists another optimal solution to (30), αi,

for which (MLαi)i > 1. Now consider another node j ∈ V ,
where j '= i. By the definition of vertex-transitivity, there is
an automorphism f that maps node i to node j and, for that
mapping, there is a new optimal solution vector αij for which
(MLαij)j > 1. Since j is arbitrary except that j '= i, we can
get a collection of optimal solutions, {αik}k &=i, such that for
each k '= i, (MLαik)k > 1. For convenience, define αik = αi.
Since each αik is optimal, we have

∑N
i=1 e

Tαik/N =
χf (G). Note that ML

∑N
k=1 α

ik/N > e. Thus, the vec-
tor

∑N
i=1 α

ik/N can be scaled by some scalar b, 0 <
b < 1, while still satisfying the constraints in (30). Now,
b
∑N

i=1 e
Tαik/N < χf (G), which contradicts the assumption

that χf (G) is the optimal value of the problem in (30).

VII. CONCLUSIONS
In this paper, our primary objective is to provide the tightest,

single-parameter upper bound for the expected delay (or the
sum of the expected queue sizes) under the MWS policy. In
process, we have done the same for the entire family of the
MWS-w policies for all w > 0. Although there are earlier
attempts to bound the expected delay (or queue sum) such
as in [1], [2], [4], our emphasis is to collect the common
analytical framework in those earlier studies and find the best
bounds that the framework can provide. Using the weighted
fractional coloring number χf (G,λ), we define the parameter
ε(λ) (or, more generally, ε(λ,w−1)) and show how the best delay
or queue bound depends on it. We also describe its geometric
meaning and various properties. We evaluate the improvement
of the new bound over the old one in a class of interference
graphs and show that the new bound can be superior by a
factor that increases linearly in the number of nodes.
The method and results of this paper have close connec-

tions with an important multi-parameter bound in [2], which

corresponds to the MWS-w policy for a specifically chosen
w. We describe those connections and show that the chosen
w is optimal in the sense that no other MWS-w policy has a
smaller bound.
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