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Information Market for TV White Space

Yuan Luo, Lin Gao, and Jianwei Huang

Abstract—We propose a novel information market for TV
white space networks, where white space databases sell the
information regarding the TV channel quality to unlicensed white
space devices (WSDs). Different from the traditional spectrum
market, the information market demonstrates the positive network
externality, as more WSDs purchasing the information from a
database will increase the value of the database’s information to
each of its buyers. We study an oligopoly information market,
where two competitive databases compete to sell their information
to WSDs, and WSDs decide whether and from which database to
purchase the information. Specifically, we first derive the WSD’s
optimal purchasing behavior under fixed information prices, and
show how the market share of each database dynamically evolves
over time. We then characterize the market equilibrium, where
no WSD has an incentive to change its purchasing behavior. Our
analysis indicates that given the prices of databases, there may
be multiple market equilibria, and which one actually emerges
depends on the initial market shares of both databases. We
further show that some equilibria are stable, in the sense that a
small fluctuation on the equilibrium will drive the market back
to the equilibrium, while some equilibria are not.

I. INTRODUCTION
A. Motivations

TV white space network is a novel and promising paradigm
of dynamic spectrum sharing, and can effectively alleviate the
spectrum scarcity today [1], [2]. In a TV white space network,
unlicensed wireless devices (called white space devices, WS-
Ds) opportunistically exploit the under-utilized broadcast tele-
vision spectrum (called TV white space, TVWS') via a third-
party geo-location white space database [3]. Specifically, the
white space database is required to house a global repository of
TV licensees, and update the licensees’ channel occupations
periodically. Each WSD, before accessing any TV channel,
must query a white space database for the available channels
at its current location. Figure 1 illustrates such a database-
assistant TV white space network with 3 licensed TV stations
and 8 unlicensed WSDs, where WSDs 1 and 2 query the
available channel information from database 1, WSDs 3 and 4
query the available channel information from database 2, and
WSDs 5 to 8 remain inactive. Such a database-assistant TV
white space network architecture has been widely supported
by spectrum regulators, standards bodies, and industrial orga-
nizations [4]-[10].2 However, the commercial deployment of
such a network requires a proper business model, which offers
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IFor convenience, we will refer to TV white space as “TV channel”.

2In January 2011, FCC has conditionally designated 9 companies including
Google [4], Spectrum Bridge [5], and LS Telecom to serve as white space
database operators in USA, developing trial white space database systems.
Based on these certified databases, several TV white space trial networks [9]
and commercial networks [10] have been developed.
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Fig. 1. Tllustration of a database-assistant TV white space network. To access
a TV channel, each WSD first reports its location to a white space database
(request), and then the database returns the available channel list to the WSD.

sufficient economic incentives to the database operators. Such
an issue has not been extensively discussed in the existing
literature.

The existing business modeling of TV white space network
mainly focused on the spectrum market [11]-[13], where the
database operators, acting as spectrum brokers or agents, sell
the TV white spaces to unlicensed WSDs for profit. However,
the TV spectrum market model may not be suitable in practice
due to some regulatory considerations. For example, TV white
spaces (especially those not licensed to any licensee) are
usually treated as the public resources, and designated by
regulators for the public and shared usage by unlicensed
devices. Therefore, TV white spaces may not be freely traded
in a spectrum market like other licensed spectrum bands. To
this end, a new business model without involving the trading
of spectrum is highly desirable.

The world first white space database operator certified by
FCC - Spectrum Bridge — proposed an alternative business
model called “White Space Plus” [10]. The basic idea is
to sell some advanced information (regarding the quality of
TV channels) to WSDs, such that the latter can choose and
operate on the high quality channels. An example of such
information is the degree of interference on every available
channel. This essentially leads to an information market, where
WSDs purchase the information regarding the channel quality
from the database, instead of purchasing the channel itself.
Clearly, the successful deployment of such an information
market requires a deep understanding of the market response
and dynamics, which has not been considered in the existing
literature. This motivates our study in this paper.

B. Contributions

In this paper, we model and study an oligopoly competitive
information market with two white space databases. The
databases (sellers) compete to sell the following information to
WSDs: the interference level on every TV channel. The WSDs
(buyers) decide whether and from which database to purchase
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the information. We want to understand the behavior of such
an information market, in particular, (i) what is the WSD’s
optimal purchasing behavior, (ii) how the market share of each
database (i.e., the percentage of WSDs purchasing information
from the database) dynamically evolves over time, and (iii)
what is the stable market shares of both databases (also called
market equilibrium)? All of these problems are challenging
due to the following reasons.

First, there is lack of a unified framework to evaluate the
value of information to WSDs. In particular, one database’s
known information may not be the same as the other’s, and
neither database has the global information. To this end,
we propose a general framework to evaluate the value of
information for WSDs. The framework considers not only the
potential error of the information provided by databases, but
also the heterogeneity of WSDs.

Second, the information market has the property of positive
network externality, i.e., the more WSDs purchasing informa-
tion from the same database, the higher value of that database’s
information for each future buyer. This is quite different from
traditional spectrum markets which are usually congestion-
oriented, i.e., the more users purchasing and using spectrum,
the less value of spectrum for each buyer due to the potential
co-interference among users. This positive correlation between
the information value and market share complicates the market
behavior analysis, as a slight change of one WSD’s purchasing
behavior may affect the information evaluation and purchasing
decisions of other WSDs. We will analytically show how the
market share of each database dynamically evolves over time,
and eventually converges to a market equilibrium.

In summary, the main contributions are as follows.

e Novelty and Practical Significance. To the best of our
knowledge, this is the first paper proposing and analyzing
an oligopoly competitive information market, considering
the positive network externality for TV white space net-
works. Comparing with the traditional spectrum market
model, this information market model better fits the
regulatory requirements and industry practice.

o Market Equilibrium Analysis. We characterize the equi-
librium of the proposed information market systemat-
ically. Our analysis indicates that given the prices of
databases, there may be multiple market equilibria, and
which one will actually emerge depends on the initial
market shares of both databases. We further show that
some equilibria are stable, in the sense that a small fluctu-
ation on the equilibrium will drive the market back to the
equilibrium, while some equilibria are not.

o Performance Analysis. We quantify the impact of the
databases’ initial market shares and information prices on
the market equilibrium. Our results show that (i) when
the prices of two databases are very different, there is
a unique stable market equilibrium independent of the
databases’ initial market shares, where the lower price
database achieves most of the market share and the higher
price database only achieves a zero market share; and (ii)
when the prices of two databases are similar, there are
two stable market equilibria depending on the databases’
initial market shares, where the database with the higher

initial market share achieves most of the market share at
the equilibrium, and the database with the lower initial
market share achieves a small market share which is close
to zero in our simulations.

The rest of the paper is organized as follows. In Section II,
we present the system model. In Sections III and IV, we
analyze the WSD’s purchase dynamics and the market equi-
librium, respectively. Finally, we conclude in Section V.

II. SYSTEM MODEL

We consider a TV white space network with two white space
databases (denoted by s; and s2) and a set NV = {1,..., N}
of unlicensed white space devices (WSDs) operating on idle
TV channels, as illustrated in Figure 1. Let K = {1,..., K}
denote the set of available TV channels in the area of the
network. Each WSD queries a database for the available TV
channel set, and can only operate on one of the available
channels at a particular time.

For each WSD n € N, each channel k is associated with
an interference level, denoted by Z, ;, which reflects the
aggregate interference from all other nearby devices (including
TV stations and other WSDs) operating on this channel. Due
to the fast changing of wireless channels and the uncertainty
of WSDs’ mobilities and activities, the interference Z,, . is a
random variable. For convenience, we assume that

Zn, 1 18 temporal-independence and frequency-independence.

That is, (i) the interference Z,, ;. on channel £ is independent
identically distributed (iid) at different times, and (ii) the
interferences on different channels, Z,, 1, k € K, are also iid at
the same time.? As we are talking about a general WSD n, we
will omit the WSD index n in the notations (e.g., write 7, ;.
as Z), whenever there is no confusion caused. Let F(-)
and fz(-) denote the cumulative distribution function (CDF)
and probability distribution function (PDF) of Zj, Vk € K.*

White Space Database. According to the regulator’s ruling
(e.g., FCC [1]), a certified white space database provides
the following information for WSDs: (i) the list of available
TV channels, (ii) the transmission constraints (e.g., maximum
transmission power) on each available channel, and (iii) some
other optional requirements. This is the basic information
(basic service) that every database is mandatory to provide
for any WSD free of charge.

Beyond the basic service, the white space database can also
provide certain advanced information (advanced service) to
make a profit, under the constraint that it does not conflict
with the basic service. Motivated by the practice of Spectrum
Bridge [10], we consider such an advanced service, where
each database provides the following advanced information to
every WSD n subscribing to its advanced service’: {Zj }rex
(i.e., the interference level on every available channel for

3Note that the iid assumption is a reasonable approximation of the practical
scenario, where all channel quality distributions are the same but the realized
instant qualities of different channels are different (e.g., [15]-[17]).

“In this paper, we will conventionally use Fx (-) and fx () to denote the
CDF and PDF of a random variable X, respectively.

5«Subscribe to a database” means that the WSDpurchases the advanced
information from the database.
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this particular WSD). With this advanced information, the
WSD is able to operate on the best available channel (with
the lowest interference level). Accordingly, each database s;
can charge a subscription fee (denoted by ;) to every WSD
subscribing to its advanced service. This essentially constitutes
an information market.

For convenience, we illustrate the basic service and ad-
vanced service by the example in the following table. In the
basic service, the database provides the available channel set
(i.e., {CH1, CH3, CH4, CH6}) to a particular WSD. In the
advanced service, the database provides the interference levels
on available channels (i.e., {Z1, Z3, Z4, Zg}) to the WSD, in
addition to the available channel set.

Channel ID CH1 | CH2 | CH3 | CH4 | CH5 | CHé6
Availability Yes No Yes Yes No Yes
Interference Level Z1 - Z3 Zy - Zg

White Space Devices (WSDs). After obtaining the available
channel list through the free basic service, each WSD has 3
choices (denoted by /) in terms of channel selection:

(i) 1 € {1,2}: subscribing to the database s;’s advanced ser-
vice, and picking the channel with the lowest interference
indicated by database s;;

(i1) { = 0: choosing an available channel randomly;

The payoff of WSD equals (i) the benefit (utility) from the
achieved data rate on the selected channel minus (ii) the sub-
scription fee if subscribing to an advanced service. Formally,
the payoff of WSD can be defined as:
WSD __ Q'U(Rl)fﬂ'l, ifl e {1,2}, 0
] 0-U(Ry), if =0,

where R, is the expected data rate when the WSD chooses
a strategy [ € {0,1,2}, U(-) is the utility function (concave
and increasing) of the WSD, and 6 is the WSD’s evaluation
for the achieved utility. Note that different WSDs may have
the different utility evaluation factor 6 (e.g., for different
applications), that is, WSDs are heterogeneous in term of 6.
For the analytical convenience, we assume that # is uniformly
distributed in [0, 1] for all WSDs.

Next we compute the WSD’s expected data rate R; under
different strategies [ € {0,1,2}. Specifically, when | =
(choosing channel randomly) the WSD’s expected data rate is

R() = f R dFZ ) (2)

where R (-) is the transmission rate function (e.g., the Shannon
capacity) under any given interference.

It is notable that under the strategy [ € {1,2} (subscribing
to the database s;’s advanced service), the WSD’s expected
data rate R; cannot be directly computed, as it depends on
the accuracy of the database s;’s information. We will provide
more details regarding the computation of R; in (6).

Interference Level (Information). For a particular WSD,
its experienced interference Z; on a channel k is the aggregate
interference from all other (nearby) devices operating on chan-
nel k, and usually consists of the following three components:

1) Lg: the interference from licensed TV stations;

2) Wi m: the interference from another WSD m operating

on the same channel k;

3) Ij: any other interference from outside systems.

The total interference on channel k is Z, = L, + Wy, + I,
where W), £ Zme N Wy m 1is the total interference from
all other WSDs operating on channel k (denoted by Ap).
Similar to Zj, we assume that Ly, Wy, Wy p,, and I, are
random variables with temporal-independence (i.e., iid across
time) and frequency-independence (i.e., iid across frequency).
We further assume that Wy ,, is user-independence, i.e.,
Wi m,m € Ny, are iid. It is important to note that different
WSDs may experience different interferences L (from TV
stations), Wy, ,,, (from another WSD), and I}, (from outside
systems) on a channel k, as we have omitted the WSD index
n for all these notations for clarity.
Next we discuss these interferences in more details.

« Each database is able to compute the interference L from
TV stations to every WSD (on channel k), as it knows the
locations and channel occupancies of all TV stations.

o Each database cannot compute the interference I from
outside systems, due to the lack of outside interference
source information. Thus, the interference [; will not be
included in a database’s information sold to WSDs.

o Each database may or may not be able to compute
the interference Wj ., from another WSD m, depend-
ing on whether WSD m subscribes to the database’s
advanced service. Specifically, if WSD m subscribes to
the advanced service, the database can predict its channel
selection (since the WSD is fully rational and will always
choose the channel with the lowest interference level
indicated by the database at the time of subscription),
and thus can compute its interference to any other WSD.
However, if WSD m does not subscribe to the advanced
service, the database cannot predict its channel selection,
and thus cannot compute its interference to other WSDs.

For convenience, we denote J\/',El],l € {1,2}, as the set
of WSDs operating on channel & and subscribing to the
database s;’s advance service (i.e., those choosing the strategy
l€{1,2}),and N, ,EO] as the set of WSDs operating on channel
k and not subscribing to any advance service (i.e., those choos-
ing the strategy [ = 0). That is, N,E] UN,?] UN,LO] = Ng.
Then, for a particular WSD, its experienced interference (on
channel k) known by database s; is

Z0 e+, . it Win, 3)

which contains the interference from TV licensees and all
WSDs (operating on channel k) subscribing to the database
s;’s advanced service. The WSD’s experienced interference
(on channel k) not known by database s; is

Zl[cl] 21+ zmeNE] Wi,m + ZmGNE]’#l

which contains the interference from outside systems and all
WSDs (operating on channel k) not subscribing to the database
s;’s advanced service. Obviously, both Z,[c] and Z; M are also
random variables with temporal- and frequency- 1ndependence
Accordingly, the total interference on channel k£ for a WSD
can be written as Zj = Z,[cl] + Z,[C”.

Since the database s; knows only Z,[Cl], it will provide
this information (instead of the total interference Z;) as

Wk:,ma (4)
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the advanced service to a subscribing WSD. It is easy to see
that the more WSDs subscribing to the database s;’s advanced
service, the more information the database s; knows, and the
more accurate the database s;’s information will be.

Next we can characterize the accuracy of a database’s
information explicitly. Due to the frequency independence
assumption, it is reasonable to assume that each channel k£ € IC
will be occupied by an average of % WSDs. Let n; denote
the percentage of WSDs subscribing to the advanced service
of database s; (called the market share of database s;). Then,
among all N WSDs operating on channel k, there are, on
average, K m WSDs subscribing to the database s;’s advanced
service, and N - (1 —n1 —n2) WSDs not subscribing to any
advanced service. That is, [N} | = £, |J\/',£l]| =& .Vl e
(1,2}, and |V = X . (1 =9 — 1,).° Finally, by the
user-independence of W, ,,,, we can immediately calculate the
distributions of Z, 1 and Z, 7 under any given market share 7,
via (3) and (4).

Information Value. Now we evaluate the value of database
s;’s information to WSDs, which is reflected by the WSD’s
benefit (utility) that can be achieved from this information.

We first consider the expected utility of a WSD when not
subscribing to any advanced service (i.e., [ = 0). In this case,
the WSD will randomly select a channel from the available
channel list, and its expected utility is

B2 U(Ry) = (fR )dFyz( )) (5)
where R is the expected data rate given in (2). Obviously, B
depends only on the distribution of the total interference Z,
while not on the specific distributions of Z,El] and Z,[Cl] This
implies that the accuracy of the database s;’s information does
not affect the utilities of those WSDs not subscribing to its
advanced service.

Then we consider the expected utility of a WSD when sub-
scribing to the database s;’s advance service (i.e., | € %1, 2}).
In this case, the database s; returns the interference {Z k”}ke ic
to the WSD, together with the basic information such as the
available channel list. For a rational WSD, it will always
choose the channel with the minimum Z,Ll] (since {Z,E”}ke;c
are iid). Let ZIEﬂN = min{Z{l], e Z}l(]} denote the minimum
interference indicated by the database s;’s information. Then,
the actual interference experienced by a WSD (subscribing to
the database s;’s advanced service) can be formulated as the
sum of two random variables, denoted by Z M= ZD[,HN + Z.
Accordingly, the WSD’s expected data rate and expected
utility under the strategy [ E {1,2} can be computed by

Rl:Ezm[ (2] =, R(e)Tzn(2),
A2 U ( J. R(z)dFzu( 2)),
where Fu (2 ) is the CDF of ZI. It is easy to see that both
R; and A; depend on the distributions of Z ,[f] and Z,Ll], and
thus depend on the market share 7;. Thus, we will write A; as
Aj(ni). We can further check that A;(n;) increases with 7;.
Problem Formulation. Suppose that each WSD is rational,
and will always choose the strategy that maximizes its payoff.

(6)

®Note that the above discussion is from the aspect of expectation, and in
a particular time period, the realized numbers of WSDs in different channels
may be different.
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Fig. 2. Illustration of 671", A", and 675 when 77? > 778.

We are interested in the following problems: given the infor-
mation prices {m, 72} and initial market shares {n?,n9} of
databases, how these market shares dynamically evolve and
what is the market equilibrium?

III. WSD SUBSCRIPTION DYNAMICS

In this section, we will study the WSD subscription dy-
namics in an information market. Specifically, we will first
show what is the WSD’s optimal subscription choice given the
initial market shares of databases. Then we will show how the
databases’ market shares dynamically evolve, and eventually
converge to a market equilibrium.

A. WSD’s Best Subscription Choice

We first consider the optimal choice of a WSD given
the information prices {71, 72} and the initial market shares
{n?, 3} where 79 +n9 < 1. Notice that each WSD is rational
and will always choose the strategy that maximizes its payoff.
Hence, for a type-0 WSD, it will (i) subscribe to the database
s1’s advanced service if and only if (iff)’

0-Ay —m >max{f- Ay —m, 0- B},

(i1) subscribe to the database s5’s advanced service iff
0-Ay —m >max{f-A; —m, 0B},

and (iii) not subscribe to any database’s advanced service iff
0-B>max{0-A; —m, 0- Ay — ma}.

where A; = A;(n{) and Ay = Ay(n9) defined in (6).

Based on the WSDs’ best choices, we can compute the new
derived market shares 77 and 72 of databases. For convenience,
we introduce the following notaitons:
and 0! =

T — T

grH — _mi
A=A,

A,-B’

i,je{1,2}
Intuitively, 61" represents the smallest 6 such that a type-0
WSD prefers the advanced service of database s; than the
basic service, and 9};‘ represents the smallest 6 such that a
type-6 WSD prefers the advanced service of database s; than
the advanced service of database s;.

Suppose 1Y > 19 (and thus A; > Ay). For clarity, we illus-
trate the values of 67", 63", and 614 in Figure 2. Specifically,
when 07" > 03", we can easily check that 675 > 67" as shown
in the upper subfigure. Then, the WSDs with 6 € (0, 03") will
not subscribe to any database, the WSDs with 6 € (63", 614)
will subscribe to database so, and the WSDs with 0 € (074,1)
will subscribe to database s;. Similarly, when 67" < 63, we
can check that 675 < 61" as shown in the lower subfigure.
Then, the WSDs with 6 € (0,61") will not subscribe to

"Note that we omit the case of 0 - A] — 7w = max{6 - Ay — w2, 0- B},
which is negligible (i.e., occurring with zero probability) due to the continuous
distribution of 6. The same is applicable to the following two conditions.
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any database, the WSDs with 6 € (67",1) will subscribe
to database s;. Accordingly, the new derived market shares
{n1,n2} of two databases are

o If 67" > 63", then 1 = 1 — 674 and ny = 075 — 631

o If OTH < OI%, then 71 =1 — 61" and 17, = 0.
The case of 7Y < 79 (hence A; < As) is symmetric to the
above case and we omit the analysis. Formally, we summarize
the above derived market shares in the following lemma.

Lemma 1: If 9 > 19, the derived market shares are

m = max {1 — max{67%,61"}, 0},

7
n, = max { min{674, 1} — 63", 0}. @

If Y < 79, the derived market shares are
m = max { min{63},1} — 61", 0}, ®

72 = max {1 — max {63}, 037} 0}.

The results in Lemma 1 assume that all WSDs change
their choices simultaneously. Note that both ;" and 6;}' are
functions of the initial market shares { and 79 (as A; and A
are functions of 7]? and 778). Thus, the derived market shares
n1 and 7y are also functions of 7Y and 79, and can be written

as 71(n7,n3) and n2(n?,13).

B. WSD Subscription Dynamics

Notice that when the databases’ market shares change ac-
cording to Lemma 1, the information structure and interference
distribution will also change according to (3) and (4). This will
affect the values of A1, A», and B, and hence affect the WSDs’
evaluations for the databases’ information. As a result, WSDs
may have incentives to change their subscription choices again
based on these new values. Therefore, the market share will
dynamically evolve, until it reaches a stable market share
(called market equilibrium), where no WSD has the incentive
to change its subscription choice (and thus the market share no
longer changes). In what follows, we will study such a WSD’s
subscription dynamics given the information prices.

For convenience, we introduce a virtual time-discrete system
with slots ¢t = 1,2, ..., T, where WSDs change their subscrip-
tion decisions at the beginning of every slot, based on the
derived market share in the previous slot. Consider a particular
slot ¢. The market shares (nf‘l, né_l) achieved in the previous
slot ¢ — 1 serve as the initial market shares, and the derived
market share (n¢,7n%) in the current slot ¢ is given by Lemma
1. Let An; and An, denote the changes (dynamics) of market
shares between two successive time slots £ and ¢t — 1, i.e.,

Am=ni ="t Ay =anh—nhh 9)

A positive (negative) An; implies that the market share 7,
will increase (decrease) along the dynamics. Note that A,

is a function of 7{~' and n~!. Hence, we can write An; as

Ani(y g, Vi€ {1,2)

A market equilibrium is defined as a fixed point of the
market shares. In other words, if an equilibrium market share
is achieved, it will not change any more. Formally,

Lemma 2 (Market Equilibrium): A pair of market shares
n* = {n7,ns} is a market equilibrium, if and only if

Am(ni,n3) =0, and Ans(ny,n5)=0.  (10)

—Am(n,m2) =0 —— An(m,n2) =0

T n8 s

™
o | &N

2

m

Fig. 3. Dynamics of the market shares 777 and 72. From the initial
market shares 9 = {0.3,0.1}, the market shares will gradually evolve to
nl, m2, ..., and eventually achieves the equilibrium 1} located on the
top-left corner. From the initial market shares 9 = {0.4,0.05}, the market
shares will evolve to the equilibrium 7} located on the bottom-right corner.

We illustrate the dynamics of market shares in Figure 3.
The blue curve denotes the isoline of Arn; = 0, and the red
curve denotes the isoline of An, = 0. By Lemma 2, the
intersections between the blue curve and red curve are the
market equilibria. In this example, there are three equilibrium
points 1}, 15, and ;. From this figure, we can see that given
the information prices of databases, there may be multiple
equilibria, and which will eventually emerge depends on the
initial market shares of databases. For example, from the
initial market shares n% = {0.3,0.1}, the market shares will
change following the route 0% — nl — n? — ... = n:
as shown by the dash arrow. From the initial market shares
19 = {0.4,0.05}, the market shares will change following
ny — n, = n? — ... = n}. Note that no initial market
shares other than 1} will converge to the market equilibrium
7. In fact, the equilibria i}, and n); are stable, in the sense
that a small fluctuation on the equilibrium will drive the market
back to the equilibrium. The equilibrium 7} is not.

IV. MARKET EQUILIBRIUM

In the previous section, we have shown how the market
shares dynamically evolve to a market equilibrium given the
information prices. In this section, we will further characterize
the market equilibrium under different information prices.

We illustrate the market evolution under different informa-
tion prices {m1, 72} in Figure 4. For a better illustration, we
fix the database s;’s price m; in all three subfigures, while
increase the database s,’s price mo from 0 to 7; in the three
subfigures.® Similar to Figure 3, the blue curve denotes the
isoline of An; = 0, the red curve denotes the isoline of
Ane = 0, and the intersection between the blue curve and red
curve denote the market equilibria. The gray arrows denote the
market share changing directions at any given market share.” It
is easy to see that with the increase of 75, the blue arc and red
arc in the bottom-right area become closer, and finally intersect

8The case of mo > 71 is totally symmetric to the case of w1 > 2. Thus,
we skip the analysis for the case of w2 > 71 due to the space limit.

Note that a feasible market share pair {1, n2} implies that n; +ns < 1.
Thus, in Figure 4, only the evolutions from the points below 171 + 72 = 1
are meaningful, while the evolutions from the points above 11 + 712 = 1 are
meaningless. Nevertheless, we draw all evolutions for a clear illustration.
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Fig. 4. Market evolution under (a) w2 € [0, 7], (b) w2 € (ma, ws], and (¢c) 72 € (mp, 71], Where 75 < 75 < 71.

(in the middle and right two subfigure). For convenience, let
7, denote the database so’s price such that the red arc is just
tangent to the blue arc, and 7 denote the database s»’s price
such that the red arc just intersects with the line of 1 = 0.

(a) w2 € [0, m,]. In this case, there is a unique market equilib-
rium, denoted by 17 4;. The gray arrows (directions) show
that any initial market share will evolve to the market
equilibrium 7 4,. This implies that a small fluctuation on
the equilibrium 7 4; will drive the market back to the
equilibrium 7 4;. Thus, n4; is a stable equilibrium.

(b) w3 € (ma,ms]. In this case, there are three market
equilibria, denoted by 775, s, and mp;. The gray
arrows show that an initial point with a larger initial
market share for database s; (or s3) will more likely
evolve to the equilibrium mpz, (or 1mz5). Moreover, a
small fluctuation on the equilibrium npz; (or ng,) will
drive the market back to the equilibrium 1y, (or n5,).
Thus, 15, and 1, are stable market equilibria. This
subfigure further show the equilibrium 754 is unstable,
as a slight fluctuation on 735 will drive the market to the
equilibrium n 5, or N pg,.

(c) ma € (mp,m]. In this case, there are three market
equilibria, denoted by 7., Nco, and 7p5. Similarly,
N1 and 7oy are stable, while 75 is unstable. The
difference between (c) and (b) is as follows. In (b), the
database so will achieve a small positive market share at
the equilibrium 75,, while in (c), the database sy will
achieve a zero market share at equilibrium 77-,.

In summary, we have the following theorem for the stable
market equilibrium.
Theorem 1: The stable market equilibrium is given by
(a) If my € [0, m,], there is a unique stable equilibrium 7 4, =
{nt,m%}, where nf =0, and 7} satisfies

L—03%(n3) —m5 =0; (11)

(b) If my € (4, mg], there exist two stable market equilibria

npy = {n,n3} and gy = {n],n}}, where the equilib-
rium 7, is: n{ = 0 and 75 satisfies

1=05"(n3) —n5 =0, (12)
and the equilibrium 7, satisfies
1 — g T7 Ty T:O,
12 (M1 m2) —m (13)

Wl nd) — 03 (n) —n = 0;

(c) If mo € (g, m1], there exist two stable equilibria 7 =
{ni,n5} and ney = {n},ni}, where the equilibrium 7,
is: 77 = 0 and n; satisfies

1—65"(n3) —n3 =0,
and the equilibrium 7, is: ng =0, and 771 satisfies
L= 67" (n}) —nf = 0.

(14)

5)

V. CONCLUSION

In this paper, we study an oligopoly competitive information
market for TV white space networks, where white space
database operators sell the interference information to WSDs.
We analyze the WSDs’ subscription dynamics and the market
equilibrium systematically. One future direction is to study
the databases’ optimal pricing decisions and analyze the price
competition game between databases. Our market equilibrium
analysis in this paper can serve as the first step of analyzing
the databases’ price competition game.
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