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Abstract—Two different techniques for the integration of
renewable energy in smart grid systems are considered. The
first is storage, which smooths the fluctuations of the renewable
energy generation across time. The second is the concept of
distributed generation combined with cooperation by exchanging
energy among the distributed sources. This technique leads to
energy aggregation from diverse sources, which averages out the
variation in the energy production across space. The trade-off
present between the two techniques is analyzed, and the optimal
combination of storage and cooperation to achieve a certain grid
performance is investigated. The problem is formulated as a
stochastic optimization problem with the objective of minimizing
the time average cost of energy exchange within the grid. First, an
analytical model of the optimal cost is provided by investigating
the steady state of the system for some specific scenarios. Then,
an algorithm to solve the cost minimization problem using the
technique of Lyapunov optimization is developed. The algorithm
is implemented on the renewable energy data provided by
National Renewable Energy Laboratory (NREL) of the United
States. The results show that in the presence of limited storage
devices, the grid can benefit greatly from cooperation, whereas
in the presence of large storage, cooperation does not yield much
benefit.

I. INTRODUCTION

The time varying and intermittent nature of renewable
energy causes significant challenges in its integration into the
electricity grid. Solution techniques such as the use of fast-
ramping fuel-based generators as a backup, and the use of
large batteries to store energy are not cost effective with a
high penetration of renewable energy.

Another useful technique to average out the fluctuations of
renewable energy that has been explored relatively less, is to
exploit the diversity in energy harvested across geographically
distributed energy sources. Studies have shown that aggre-
gating the diverse renewable resources from geographically
distributed areas leads to a substantial reduction in the load
variability [1]. In terms of analytical results, the impact of
aggregation of wind power has been considered in the frame-
work of coalitional game theory in [2]. Distributed energy
production has also been studied within the framework of
micro-grids (MGs) [3], with focus on distributed storage and
decentralized control of MG networks [4],[5]. Energy sharing
among MGs has also been studied in [6] by simulations, and
shown to reduce energy losses in the network.

In terms of analytical studies, while techniques such as
the use of storage and demand-response have been studied
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extensively, the combination of the dual averaging effect
produced by storage and cooperation by energy sharing has
not been explored. The objective of this work is to provide
an analytical framework for studying the trade-off present
between storage and cooperation. We analyze the optimal
combination of storage and cooperation to achieve a certain
level of grid performance.

We consider a power grid consisting of spatially separated
MGs that are powered by harvesting renewable energy and are
serving their respective loads, and a macro-grid (typically a
utility company that can provide energy in case of shortage).
The MGs are equipped with finite capacity storage devices.
The energy harvested by the MGs might not always meet
the demand. In such a scenario, MGs can cooperate by
exchanging the excess harvested energy. Any further deficits
can be fulfilled by drawing energy from the macro-grid.
Typically, the distance between the MGs is much less than
their distance to the macro-grid and hence, the cost of energy
exchange between the MGs is lower. Moreover, the MGs can
be connected by a short distance DC power line which incurs
much less energy loss than the AC power line connection
between the MGs and the macro-grid [7]. The objective of
our problem is to minimize the time average cost of energy
exchange within the entire grid.

We provide a centralized solution to this problem and ex-
hibit the trade-off between storage and cooperation in reducing
this cost. We model the battery as a virtual energy queue, and
use queuing theoretic techniques to analyze this problem. We
first provide an analytical characterization of the optimal cost
of energy exchange by examining the steady state behavior
of the system for a symmetric system set up consisting of
two MGs and a macro-grid. Then, for the general case, we
provide an online algorithm to solve the optimization problem
using the technique of Lyapunov optimization. The Lyapunov
optimization based relaxation technique is mainly motivated
by Urgaonkar et al. [8], which studies storage as a means
to reduce the cost in an electricity market with time varying
price. Unlike that study, we consider the cost minimization
with distributed energy sources, and exploit the gains brought
about by cooperation in addition to storage.

We validate the results by applying our algorithm on renew-
able energy data provided by the National Renewable Energy
Laboratory (NREL) of the United States. Our result shows
that when the storage capacity is low, cooperation among the
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Fig. 1. Power grid consisting of micro-grids and a macro-grid.

MGs yields a significant reduction in the time averaged cost of
energy exchange. Interestingly, most of the gains are obtained
by cooperation among only a few neighboring MGs. However,
when the MGs have a large storage capacity, cooperation does
not yield much benefit. This is because each MG can simply
store all its excess harvested energy and use it during the time
slots when it is deficient.

II. SYSTEM MODEL

We consider an inter-connected power grid consisting of N
MGs and a macro-grid as shown in Figure 1. Each MG is
capable of harvesting renewable energy (e.g. wind, solar, etc).
In addition, the MGs are equipped with batteries in which they
can store the harvested energy for future use.

Load Serving: Each MG, serves a set of users whose ag-
gregate energy' demand is denoted by L;[t] (< Lyayx, where
Lax 1s a deterministic bound on the load) units of energy per
time slot. This energy demand is met in the following manner.

Firstly, each MG; harvests an amount of energy denoted by

X;[t], i=1,..., N units per time slot ¢. We assume that the
harvesting process X;[t] evolves according to an independent
and identically distributed (i.i.d.) random process across time.
The harvested energy is used to serve the load L;[t]. We
consider two cases as follows:
o If X;[t] < L;[t], then MG; uses all the harvested energy
to serve its load. The unsatisfied load is denoted by L;[t] =
(L;[t] — X;[t]) ", and the MG; does the following to serve the
unsatisfied load:

1. Draw energy stored in its own battery: The MG; uses
B; ;[t] units of energy from the energy stored in its own
battery.

2. Exchange energy among the MGs: In addition, MG; can
borrow Bj ;[t] units of energy from MG, with j # i,

such that
Bjilt] < Bilax Vi, (1)
where B, denotes the maximum amount of energy

that can be exchanged between the MGs during a given

'With slight abuse of terminology, we use the terms power and energy
interchangeably.

time slot. Note that B;;[t] > 0 only when X;[t] =
(X;[t] — L;[t])* > 0, ie., MG, has excess harvested
energy beyond its demand. We also consider that trans-
ferring energy from MG; to MG; incurs a cost of p; ; [t]
units per unit of energy transferred. Also, we assume
Dij[t] < Pmax V1,7, t for some finite ppax.

3. Buy energy from the macro-grid: In case the energy from
the battery and the energy borrowed from neighboring
MGs is insufficient to satisfy the demand, MG; can bor-
row G,[t] (< Gax, for some finite Gp,,x) units of energy
from the macro-grid. We assume that transferring energy
from the macro-grid incurs a cost of ¢;[t] units per unit
of energy transferred. Also, we assume ¢;[t] < gmax Vi, t
for some finite ¢ ax.

The sum of energy drawn from the battery, energy exchange
with the neighboring MGs, and the energy borrowed from the
macro-grid must satisfy the residual demand, i.e.,

Bilt]+ Y Bjaltl + Gilt] = Lift], ¥, i=1,...,N. (2)
J#i
e Now we consider the second case, in which the harvested
energy exceeds the energy demand, i.e., if X;[t] > L;[t], then
the MG does the following:
1. As previously mentioned, it can donate an amount B; ;[t]
to satisfy the load of MG;.
2. Store an amount Y;[t] < Yinax (Where Yiax < 00) in its
own battery to be used at a later time. Accordingly, at
each time ¢, we have

Yilt] + 30 Bijlt] < Xl
J#i
Note that in this work, we assume that the excess renewable
energy from MG; can be exchanged with MG only to satisfy
the load of MG, during the same time slot. In other words,
MG cannot use the excess renewable energy of MG; to charge
its battery. Further, we assume that the energy stored in the
battery of MG, can only be used to serve its own load during
a future time slot, and there is no energy exchange possible
from the battery. This is done so as to clearly exhibit the trade-
off between cooperation (by exchanging energy in the current
time slot with neighboring MGs) and storing energy for future
use.
Modeling the Battery: Next, we consider the energy model
of the battery at each MG. At MG;, the battery evolves
according to the following rule:

Eift +1] = Et] - Built] + Yilf] Vt, i =1,....N, (4

V¢, i=1,...,N. (3)

where the energy availability constrains the battery at each
MG; to satisfy B;;[t] < E;[t] Vt, ¢ = 1,..., N. The energy

availability constraint combined with the battery discharge
constraint yields

Blyl[t] S mm(EZ [t], B?

max
where B,  is the maximum energy discharge from the
battery during every time slot. Similarly the battery input
energy constraint Y;[t] < Yj,.x can be combined with the

battery capacity constraint E;[t] < Ep.x to yield
Yi[t] < min(Epax — Filt], Ymax) VE, i =1,2,...,N. (6)

)Vt i=1,2,...,N, (5
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Additionally, we make the following practical assumption on
the battery capacity:

Emax > Ymax + Bfnaxv (7)

i.e., the battery size is at least larger than the sum of one
charge and one discharge capacity.

Cost Minimization: The total cost incurred for energy
transfer to MG; is given by

Costi[t] = gi[t]Gi[t] + > pjaltl Bjalt], i=1,...,N. (8)
J#i
The objective of the controller is to design the system param-
eters in order to minimize the time average cost of energy
transfer across the grid, as follows:

1 T-1 N
Jim ; E { ; Cost; [t]} )

sit. (1),(2),3),(4),(5),(6)

where during each time slot ¢, the decision variables
are Y; [t}, Biyl[t], Bi,j [t] (VJ 7é Z), Gl [t] Vi. We
denote the optimal value of the cost function
limr_ o0 % Zf:_ol E [ Zfil Cost; [t]} over all possible control
actions by f}. Note that we have explicitly mentioned the
subscript N to denote the optimal solution when N MGs
cooperate.

One possible way to interpret the prices of energy exchange
is to view them as the price paid for the losses incurred
during the energy exchange. However, in this work, we do
not consider any explicit models for the prices.

min

III. AN ANALYTICAL CHARACTERIZATION OF THE
OPTIMAL COST

We first provide an analytical characterization of the optimal
cost for a symmetric scenario consisting of two MGs. We
consider that the cost of energy exchanges p1 2[t] = p2.1[t] =
Pmax Vt and q1[t] = @[t] = @max Vt. Each MG has an
excess energy arrival process X;[t] = X;[t] — L;[t], assumed
to be i.i.d. across time slots, whose probability mass function
(p-m.f.) is given by

-1 wp. d
fx. (xi) =10 wp. 1—a—d (10)
1 w.p. a.

Further we also assume that X [¢] and X|[t] are independent
of each other. In order to model the energy transfer within
the grid, we consider the following policy. Whenever, MG,
produces excess energy and MGy has an energy deficit, MG,
transfers its excess energy to MGy with probability « € [0, 1].
Otherwise, MG, stores the excess energy in its battery with
a probability 1 — «. Since the system is perfectly symmetric,
MG, does the same in the case when it overproduces and
MG; has an energy deficit. In all other cases, there is no
requirement to exchange energy. Let the random variables Z
and Z, denote the effective excess energy arrivals. They are
related to X 1 and X 5 as follows:

o If X; =1 and X, = —1 (which happens with probability
ad) then,

7 1 wp. (1-a)ad o -1 wp. (1-a)ad (1
0 wp. aad. 0 w.p. aad.

o If X; = —1and X, = 1 (which happens with probability
ad) then,

12)

7 -1 wp. (1-a)ad 7 1 wp. (1-—a)ad
"o w.p. aad. ? 0 w.p. aad.

e In all other cases, Zl = )N(l anq ZQ = )~(~2.

The unconditional p.m.f. of Z; and Z5 can be easily
computed by summing across all the possible cases. It is given
by

-1 wp. d(1—aa)
fz,(2) =10 w.p. 2cad+ (1 —a—d)
1 w.p. a(l —ad).

(13)

With this formulation, the system can be viewed as two
independent MGs with effective energy arrival processes given
by Z; i =1, 2. The evolution of the battery at each MG; can
now be modeled as a random walk that evolves as follows:
E;[t + 1] = min(max(E;[t] + Z;[t], 0), Emax)- Since the Z; [t]
are i.i.d. across time, it can be verified that the random process
(E;[t],t > 0) is Markovian. The steady state distribution
of the Markov chain corresponding to this random walk
limy_, oo Pr(E;[t] = j) = m(j) is given by

, ; 1—r .
ﬂ-(]) = T] (1 _ T(Emax+1)> , 1= 1727 (14)
where r = g(tgig. Note that lim;_, o Pr(EL[t] = j) =
limy 00 Pr(ngt] = j) due to symmetry. Now, the cost of

energy exchange within the grid can be computed based on the
steady state of the system. It can be written as the sum of two
components: the cost of energy exchanged between the MGs
which is equal to 2acadpy,.x. Next, we model the cost incurred
by borrowing energy from the macro-grid. This occurs in the
case when X; = —1, ¢+ = 1,2, and if the corresponding
battery is in the O energy state. This cost associated with this
event is equal to 2d(1—aa)m(0)gmax- Therefore, the total cost
incurred in the steady state can be written as the sum of the
two components:

Cost(a) = 2aadpmax + 2d(1 — aa)7(0)gmax- (15)

The minimum cost is then obtained by optimizing over the
choice of a.. Let us define a* = arg min,, Cost(«), and hence,
the minimum cost of energy exchange is given by Cost(a*).
From (15), we can analyze two extreme cases, namely, the
case with no storage and the case with infinite storage.

e Fax = 0 - No storage

In this case 7(0) = 1. Therefore,
Cost = 2dqmax + ada(_Qmax + pmax)7 (16)

and the cost is minimized when a = 1 if ppax < Qmax-
Thus, in the absence of storage, the MGs must always share
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the excess available energy as long as pmax < Qmax. This
result is quite intuitive since in the absence of storage, one can
always reduce the cost by exchanging energy locally between
the MGs.

® Fax = o0 - Infinite storage

In this case, 7(0) = ﬁ. Therefore,

Cost = 2d(d — a)gmax + 2ada. 17

Thus, the cost is minimized when o = 0. This implies that
in the presence of infinite storage, any excess energy must
always be stored rather than exchanging.

In what follows, we provide a practical algorithm to solve
the time average cost minimization problem under a general
system model.

IV. ALGORITHM DESIGN BASED ON LYAPUNOV
OPTIMIZATION

We use the idea of Lyapunov optimization to solve this
problem. The Lyapunov optimization method provides simple
online solutions based only on the current knowledge of
the system state, as opposed to approaches such as dynamic
programming which suffer from very high complexity.

Before doing so, first note that the Lyapunov optimization
method is not directly applicable to our problem due to the
presence of the battery constraints (5) and (6), which couples
the decisions across time slots. To overcome this, we use
an approach similar to [8], and first consider an approximate
version of the optimization problem (9) in which we relax all
the constraints associated with the battery, given as follows:

T-—1
min 7}1_1}[1)0—2 {ZCost } (18)
T-1
s.t. QJLII;OTZE <T1§r;o?;E[B“[t]]

(1)7(2),(3),Bw[ ] < B?

max?

Yi[t] < Ymax, Vi,t.

Note that in the relaxed problem, the dependence of control
actions on the battery size E[t] is removed. Let us denote the
optimal cost over all possible control actions for the relaxed
problem by g . First, it is easy to see that g3 < fy, ie.
the solution to the relaxed problem acts as a lower bound
on the original problem (since the relaxed problem has fewer
constraints compared to the original problem and any feasible
solution of the original problem is feasible for the relaxed
problem as well). We now apply Lyapunov optimization to
solve (18). Further, we will show that the solution developed
for (18) by our method also satisfies all the constraints
associated with battery, hence making it applicable for solving
the original problem (9).

We consider the Lyapunov function associated with the
virtual energy queues (batteries) defined as follows:

19)

where § > 0 is a perturbation parameter, given by 6 =
B2 .+ Vgmaz. The choice of the value of 6 will become

max
clear once we examine the structure of our solution. We now

examine the Lyapunov drift which represents the expected
change in the Lyapunov function from one time slot to the
next, which is defined as Aft] = E [U[t + 1] — U[t]|E[f]],
where the expectation is with respect to the random processes
associated with the system, given the energy queue-length
values E[t] = [Fi]t],..., En]t]]. Using the equation for
evolution of the virtual queue associated with the battery in
(4), and some standard manipulations, it can be shown that
the Lyapunov drift can be bounded as

Al < C—E[ Y (Eilt] - 6)(Bult] -

%

H[EH] @0

where ¢ < oo is a constant. We will henceforth de-
note F;[t] = E;[t] — 0. Adding the performance metric
VE [(S,, s Buglt] + X, G DEf] (where Vs an-
other control parameter which will be specified later) to both

the sides of (20), and using the fact that G;[t] = Ly[t] —
By ilt] = 32,4 Bjalt], we obtain
Ay [}<C+V2ql[t +ZE-[t @1
+ > VBi[tl(pislt] - ZB” E;lt] + Vailt])

N E)

where we have denoted Ay [t] = A[t]4+VE[ > PigBijltl+
>, @[tlGi[t]|E[t]], and rearranged the terms in the equation.

According to the theory of Lyapunov optimization [9], the
control decisions are chosen to minimize the bound on the
modified Lyapunov drift obtained in (21). Before we proceed,
for the sake of completeness, we provide the main intuition
behind this approach. Note that the problem (18) can viewed
as minimizing the time average cost of energy exchange in the
grid while maintaining the stability of the virtual energy queue
(battery). The modified Lyapunov drift has two components,
the Lyapunov drift term Alt], and the V' x Cost[t] term.
Intuitively, minimizing the Lyapunov drift term alone pushes
the queue-length of the virtual energy queue to a lower value.
The second metric V' x Cost[t] can be viewed as a penalty
term, with the parameter ' representing the trade-off between
minimizing the queue-length drift and minimizing the penalty
function. A larger value of V represents a greater priority to
minimizing the cost metric at the expense of a greater size of
the virtual energy queue and vice versa. Therefore, we min-
imize the modified Lyapunov drift Ay [t], and subsequently
analyze the performance of this algorithm.

During each time slot ¢, the control decisions are chosen
as solutions to the following linear programming problem
(obtained by minimizing the right hand side of (21)):

ZE 1Y+ V> Bi (it — gt])

J#i
_ZBZZ

s.t. Y;-FZB%] SXZ[},

min
Y;
B i,Bi

t]+ Vailt]) (22)

i i+ Z B;; < Lilt]

i#i 7
0<Y; < Yiax, 0<Bzz§B:nax Vi,
0< B;; < B, Vj#i,Vi.
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Let us denote the solution corresponding to (22) as
Y;*[t], Bf;[t] and Bj;[t]. The value of G}[t] is then given
by G7[t] = Ls[t] — By [t — >, Bjilt]-

5

A. Algorithm Performance Analysis

We will now analyze the performance of the algorithm.

Lemma 1. By choosing the parameters V and 0 as

Emax - (Ymax + Brsnax)

Qmax

0= B;Snax + VQmax

0<V<

(23)
(24)

the following hold true:
1. If Ei[t] > Emax — Ymax, then Y*[t] = 0.
2. If Eift] < By, then B} [t] = 0.

max?

We omit the proof of this lemma due to a lack of space.
From the result of Lemma 1, it can be seen that the battery
charging decisions are non-zero only when E;[t] < Epax —
Ymax and the discharge decisions are non-zero only when
E;lt] > Bj.. As a consequence of this lemma, it can
be noticed that the algorithm developed by the Lyapunov
optimization method applied to the relaxed problem naturally
satisfies the battery constraints (5) and (6). Therefore, this
algorithm is feasible for the original problem (9) as well. We
will now provide the main result of our algorithm.

Theorem 1. For the algorithm developed in the previous
subsection, the virtual energy queue-lengths can be bounded
as follows:

0 S EZ [t] S Emax

Vti=1,...,N, 25)

and the time average cost function achieved by this algorithm

satisfies

T—-1

N
Tlgnoo% Z E[ZCosti[t}] <gn+

t=0 i=1

(26)

<|

where B < o0 Is a constant.

We omit the proof of (25) but prove the result of (26) in
Appendix A. The theorem implies that the performance of our
algorithm can be made arbitrarily close to the optimal value
by increasing the value of parameter V. However, this comes
at the cost of increasing the battery capacity F,.x (due to the
bound on the value of V' in (23), given El,.x). Also, note that
since g < fy, the bounds of our algorithm hold with respect
to fx as well (and are tighter).

V. NUMERICAL RESULTS

In this section, we present some numerical results to study
the normalized time average cost of energy exchange within
the grid. The parameters for the simulations are chosen as
follows: For the renewable energy production, we obtain data
from the NREL of the United States (website [10]). We
utilize the 2006 annual recorded wind power from 5 different
geographically distributed wind turbines with the following ID
and location:

ID Position Mean Power
Output (X;)
13925 | 41.06N,105.76W | 13.186 MW
15017 | 41.39N,107.11W | 12.879 MW
16209 | 41.61N,106.07W | 12.454 MW
21102 | 42.44N,107.72W | 11.924 MW
21633 | 42.51N,106.59W | 12.3423 MW

We consider the data corresponding to an interval of one year.
The data is sampled once every hour. Therefore, we have
T = 8760 samples. The mean power output X; is calculated
by averaging the renewable energy production over these 8760
samples. For simplicity, we consider that the load on each
MG; is L;[t] = X; Vt. This is done in order to ensure that
the aggregate energy production of each turbine matches the
aggregate load, and the only reason to store/exchange energy
is to compensate for the fluctuations in renewable energy
(thus capturing the most essential aspects of the problem
considered in this work). We consider 5 different values of
the storage capacities, 2, 10, 50, 100 and 200 MWh, at
each MG. In each of these cases, we choose B; . and
Yax to satisfy the constraint (7). Specifically, we choose
(B, Ymax) = (0.5,0.5),(2,2),(10,10), (20, 20), (50, 50)
MW in the five cases of storage capacity respectively. We set
B =20 MW.

We assume that the cost of transporting energy among the
different elements of the grid is directly proportional to the
distance between them. Therefore, p; ;[t] = S1d; ;, Vt, units
(where d; ; is the distance between MG, and MG; in km) and
qi[t] = B2D;, Vt, (where D; is the distance between MG; and
the macro-grid in km). The distances are calculated based on
the coordinates provided in the table. 51 and 32 are the propor-
tionality constants. We have chosen different constants for the
connection between the MGs and the connection between the
MG and macro-grid to indicate that they might be connected
by different power lines (e.g. DC power lines between the
MGs and AC power lines to the macro-grid). Let us consider
the time average cost incurred, C' = £ tT;Ol Zf\;l Cilt] =
D i (3,2 Prdi g Sy B[t + 82D 3005 Gilt]), in
transferring energy across the grid, where N is the number of
cooperating MGs. We plot the normalized cost incurred %, as
a function of N, for different values of the storage capacity
in Figure 2. The following observations can be made.

« For a given storage capacity, the cost of energy exchange
decreases with an increase in the number of cooperating
MGs. This is due to the fact that a greater number of
cooperating MGs leads to a greater diversity in energy
production and hence greater possibility of sharing energy
among the MGs (reducing the need for borrowing energy
from the macro-grid).

e The decrease in the normalized cost (as a function of the
number of cooperating MGs) is greater for lower values
of storage capacity. For higher values of storage capacity,
the normalized cost does not reduce with increasing V.
This is due to the fact that with greater storage capacity,
the MGs are able to store all the excess harvested energy,
and use it during time slots when the harvested energy
is deficient, thereby, eliminating the need for energy
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Fig. 2. Normalized cost versus the number of cooperating MGs for different
values of storage capacity.

cooperation.

VI. CONCLUSIONS

In this work, we have explored the combined benefits of
energy storage and cooperation among interconnected MGs
as a means to combat the intermittent nature of the renewable
energy. Our results show that in the presence of limited
storage devices, the grid can benefit greatly by cooperating,
even among only a few distributed sources. However, in the
presence of large storage capacity, cooperation does not yield
much benefit. Our solution can be useful for power grid
designers in terms of choosing the optimal combination of
storage size and infrastructure for cooperation in order to meet
a specific cost criterion. The framework presented in this work
can be extended in multiple ways, so as to include demand
response and load shedding.

APPENDIX A: PROOF OF THEOREM 1

Consider the bound on the Lyapunov drift function of
(21). It is clear that the control action chosen according to
the solution of (22) minimizes the bound on the Lyapunov
function over all possible control actions. To compare this
control action with an alternate control policy called the
stationary and randomized policy that takes control actions
purely based on the system state X, Di,j,¢; and independent
of the virtual queue-length (we denote this policy with the
superscript o), we can obtain the following:

t]+ZE

Av[t] < C+E[V2qi

+ 3 VB [H(pi st — gs(t])
6, J#0
—ZBHt] ]+ Vailt) B[] @7
SCHE[VZ% t]+ZE 1Y [¢]
+ 3 VB (i1t — g51t)
1,jF#1
- L BB + Valk) [l . e

6
Rearranging, we have
Avl < C+E[v2qi[t]<ii[t] - Bl + Y B;
i i
+ZE ~ B[ + Y Vpis[t)B; tHE[t}]. 9)
i,j#i

In particular, we consider the stationary and randomized
policy that satisfies

E[Y;[t] < E[Bg[¢]] (30)
E[B{i[t] + > Bfult] + G [t] = E[Ls[¢]] 3D
J#i
E[Y: [t + ) BY;1)] = E[X:[t]] (32)
J#i
E[Y > pisllBL I+ Y altlGF 1] (33)
i i i

The existence of such a policy for the relaxed problem in
(18) can be proven by using Caratheodory’s theorem similar
to that in [9] and is omitted here for brevity. Using this policy
in (29), we obtain

Avlt] < C +IE[VZq¢[t]G? [t ++ > Ve [t1Bi[t]

4, JF#1

- BL[H)|ELt] (34)

+ 3B

=C+Vgi. (35)

Taking the expectation on both sides, summing from ¢ =
0,...,7T—1, normalizing by 7" and taking the limit, we obtain
the result of (26).
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