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ABSTRACT

A thorough understanding of capacity of wireless networks
can help with effective design and efficient employment of
wireless networks. Much effort has been spent on investi-
gating capacity of multicast which is a popular communi-
cation model and generalization of unicast and broadcast.
However, most previous works assume homogeneous traffic
patterns, which is not meaningful for practical applications.
This paper analyzes the capacity of wireless networks with
multiple types of multicast sessions without the assumption
of homogeneous traffic patterns. A new network model is
proposed accommodating practical traffic patterns and the
capacity is analyzed accordingly. A theoretical upper bound
is derived, and a feasible transmission scheme with capacity
lower bound is presented. Two bounds are asymptotically

tight, that is, in the order of 9(2 : - W),
=1

a“ng

min{\/E<R,;~T,R12}
where a is the side length of the deployed region, r is the
transmission range, ns is the number of multicast sessions,
and k; and R; are parameters of multicast session i. Further-
more, the variation of capacity towards different numbers of
and distributions of destinations is illustrated.

Categories and Subject Descriptors

C.2.1 [Network Architecture and Design|: Wireless
communication
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INTRODUCTION

A thorough understanding of the capacity of wireless net-
works can help with effective design and efficient employ-
ment of wireless networks. Therefore, the investigation of
the capacity of wireless networks is important and is also a
challenging task.

Since the pioneering work [1] appeared, the capacity of
wireless networks has been widely studied. These works as-
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sume various kinds of network models for different kinds
of wireless networks in practice. For example, some of the
works study static or mobile pure ad hoc networks [2, 3]
while the others focus on hybrid networks [4]. From the
view of traffic patterns, all the works can be classified into
studies on unicast capacity [5], multicast capacity [2], broad-
cast capacity [6] and aggregation capacity [7, 8].

Multicast, which is the generalization of unicast and broad-
cast, has attracted more interests. The estimation of the
achievable multicast capacity is required in many applica-
tions, such as the ones of sensor networks. Much more works
focus on the multicast capacity recently [2][3][4][9][10][11].
Most of the previous studies on multicast capacity assume
homogeneous traffic patterns, i.e., the multicast sessions are
identical in the number of destinations, and the destinations
are randomly distributed in the whole region or within equal
sized circles centered at each source node [9]. However, mul-
ticast sessions in real applications are often quite different
in the number of destinations and the distribution of the
destinations. The following are two examples.

Ezxample 1. In a battlefield, military officers often send
orders to their soldiers in defence areas via a wireless net-
work. The numbers of the soldiers commended by officers
are often various, which goes against the assumption that
sessions are identical on the numbers of destinations. Mean-
while, the defence area guarded by each group of soldiers is
often a sub-region of the whole battlefield, and the sizes of
these sub-regions are usually various. Thus, the second as-
sumption that destinations are randomly distributed in the
whole region or equal sized circles is not meaningful.

Ezxample 2. In wireless sensor networks, there may be
non-identical multicast sessions at the same time. Some of
the multicast sessions may be unicast or broadcast sessions
rather than pure multicast sessions. In this case, the homo-
geneous assumption cannot be guaranteed and the previous
results are not applicable.

A theoretical study on wireless networks with multiple
types of multicast sessions can enhance the generality of
the bounds on network capacity. As far as we know, none
of the previous works totally looses the constraints on the
identity of the sessions. These constraints can make the
derived bounds on capacity more explicable and straightfor-
ward, however, it is at the cost of loosing a deeper under-
standing of the heterogeneity among sessions. This paper
focuses on estimating the total traffic load brought by mul-
ticast sessions that are quite different from each other, and
tries to derive the relationship between the capacity and the
variety of sessions. Moreover, this paper aims to point out



some open questions about network capacity that are worth
considering.

In this paper, we study the multicast capacity of ad hoc
wireless networks without the homogeneous traffic pattern
assumption. There may exist multiple types of multicast
sessions in a wireless network at the same time, and the
sessions have different numbers of destinations and different
distributions of destinations. The main contributions are as
follows.

e We propose a new wireless network model to support
the analysis of the capacity of wireless networks with
multiple types of multicast sessions. In this model,
the traffic pattern has two features: i) each multicast
session in a wireless network can have any number of
destinations without the constraint that the number-
s must be identical, and ii) the destinations of each
source node are uniformly distributed in a circle area
centered at the source node with a radius of arbitrary
length, rather than that the destinations are uniformly
distributed in the whole region covered by the wireless
network or within equal sized circles. Compared with
the previous work [9], which still has some constraints
for the identity of its multicast sessions for simplicity
of analysis, our model is more applicable in real appli-
cations like the aforementioned two examples. More-
over, the model is a generalization of many previously
proposed models.

e The capacity of wireless networks is analyzed towards
the proposed model. A theoretical upper bound is de-
2a2~n5

e R -W). In the
proof, a new measurement metric, competitive inten-
sity, of a wireless network is proposed. Competitive
intensity denotes the number of node pairs or trans-
mission pairs that cannot be scheduled simultaneously.
Its bound can help with deriving the capacity bound
of a wireless network. Competitive intensity is inde-
pendent of network models, thus it can be used for the
capacity analysis of any kind of wireless network. A
feasible transmission scheme for the entire network is
also determined with the lower bound of its capacity.

. 2a2ng . . .
The bound is Q(SZ[?;I iR ) W), which is
asymptotically tight with the theoretical upper bound
of the capacity of wireless networks.

rived which is O(
>

e Some observations about the network model and the
derived capacity bounds are discussed. First, the vari-
ation of the capacity for different numbers of destina-
tions and the distribution area of destinations in mul-
ticast sessions is illustrated. Then, it is stated that
the previous capacity bounds are the specialization of
the capacity bounds derived in this paper when some
constraints are added to our network model.

The rest of the paper is organized as follows. Section 2
reviews the related works. Section 3 introduces the network
model and some basic definitions. The theoretical upper
bound of the capacity of a wireless network is derived in
Section 4. Section 5 presents a reachable lower bound on
the capacity of a wireless network. In Section 6, some ob-
servations about the proposed capacity bounds and network
model are discussed. Section 7 concludes the paper.

136

2. RELATED WORKS

There have been a lot of researches on capacity of wireless
networks during the last decade. Gupta and Kumar first
proved that the per-flow unicast capacity of random net-
works is in the order of @(%) [1]. They also analyzed
the capacity of wireless networks with arbitrary given traffic,
that is, @(%) This result was then proved under a more

general fading channel model in [12]. Later, Franceschet-
ti proposed an optimal scheme to avoid the loss from the
randomness using the percolation theory [5], which could
achieve the capacity of @(%) Broadcast capacity was also

studied in previous works. It is shown in [6] that the to-
tal broadcast capacity is only ©(W). Grossglauser and Tse
showed that the unicast capacity could be improved at the
cost of larger delay in mobile wireless networks [13]. These
works concentrate on either unicast or broadcast, which can
be a special case of multicast.

Li studied the multicast capacity of ad hoc networks [2].
In this work, all the multicast sessions have identical num-
ber of destination nodes which are uniformly selected in the
whole region. The achievable per-flow capacity given in this
work is @(%Ogn), where k is the number of destination
nodes. Shakkottai et al. studied the capacity of networks in
which there are n® multicast sessions and each has n' ¢ des-
tinations [3]. Their per-flow capacity is @(ﬁ). Kozart
studied the relationship between delay and capacity for mul-
ticast sessions [14]. Some other works focus on the multi-
cast capacity of hybrid networks, investigating the effect of
the number of base stations on capacity [4] and the traf-
fic balancing between two transmission means [15]. Tang et
al. focused on the capacity of hybrid networks with limited
bandwidth between base stations [10]. All the above works
assume that the sessions randomly choose the same num-
ber of destinations in the whole region. Our work does not
enforce such an assumption.

Peng et al. studied the multicast capacity of networks
with more general multicast sessions [9]. In their work, the
source nodes pick their destinations according to a disper-
sion density function. These sessions share the same disper-
sion density function, and most of the sessions have the same
numbers of destinations. The percolation theory is used in
their work. The achieved capacity is O(W), where
a is the side length of the whole square region, and dg is the
variance of the dispersion density function. Though the net-
work model in [9] allows heterogeneous multicast sessions,
one of its main improvements is for the case where the des-
tinations are not uniformly picked from the whole region.
The identities of the sessions are still required, which limits
the commonality of the network model compared with ours.

Cooperative transmitting was introduced to improve mul-
ticast capacity in [11] and [16]. Rahul et al. developed a sys-
tem [17] that could dynamically increase the capacity with
user demand. These works take advantage of the extra cod-
ing technologies in increasing network capacity, while ours
focuses on the network layer.

3. NETWORK MODEL
3.1 Networks

Assume n static wireless communication nodes, denoted
as M = {mi,ma,...,my}, are uniformly distributed in a
region Q.  is a square with side length a = n%, a < 1/2.



These nodes form a random dense network, which means the
node density increases as n grows. All the nodes transmit
via the same channel, at a rate of no more than W bits/s. T-
wo nodes u and v can transmit directly if |u — v| < r, where
|u — v| is the Euclidean distance between u and v, and r
is the transmission range of the sender. For simplicity, all
the nodes have the same transmission range r. r is relatively
large so that the whole network is connected with high prob-
ability, which means any pair of nodes can transmit either
directly or in a multi-hop manner.

The protocol model for interference [1] is applied to define
conflicts in a network: in each time slot, node 7 can success-
fully send a packet to node j if |[¢ — j| < r and the Euclidean
distance between any other concurrent transmitters and n-
ode j is bigger than (14 A)r, where A is a positive constant
number independent of nodes 7 and j, and it is set to A > 2
[18] in this paper. Our model also works for 1 < A < 2,
which is proved in Section 6.3. Every transmission has a
”guard zone” where no nodes can deliver packets simultane-
ously. This zone is a circle area around the destination with
radius (1 + A)r. The guard zone of a multicast tree is the
union of the guard zones of all the nodes in the tree. Two
transmissions can occur concurrently if their senders are not
within each other’s guard zone. In a similar way, two mul-
ticast sessions can transmit simultaneously if their involved
nodes fall outside of each other’s guard zone.

Following are some other assumptions on a network: (1)
the wireless channel is multiplexed by TDMA [18] and it
is equally divided in a round robin manner when multiple
transmissions conflict with each other, (2) the relay nodes
only receive, store, and send packets in a multi-hop manner,
and (3) the wireless channel is always in a good condition,
i.e., there is no packet loss if there is no conflict.

3.2 Traffic Pattern

Let ms; denote the ith multicast session, ¢ = 1,2,...,ns,
ns = O(n), and 1/2 < € < 1. The set of the source nodes
is expressed by S = {s1, $2,..., $n, }. For source node s;, it
randomly picks k; destination nodes. The k; destinations are
all within a circle area with radius R; centered at s;. Each
session ms; independently and randomly determines its k;
and R;. s; transmits data to all its destinations via single
or multi hops through a multicast tree T}, which is a Steiner
tree connecting the source node and all its destinations with
the help of some intermediate nodes. A multicast session
must follow the following restrictions: (1) k; is less than the
total number of nodes in its destinations’ distributed area
for ms;, and (2) any edge in T; is not greater than r.

3.3 Capacity

Let Vs = {A1,A2,..., A\n, } be an instance of the rate vec-
tor for all the multicast sessions. Here, A; is the transmis-
sion rate of source node s;. Rate vector V; is called feasible
if there is a spatial and temporal scheme for scheduling the
transmissions of these multicast sessions so that every source
node s;, i = 1,2,...,ns, can transmit to all of its destina-
tion nodes at a rate of v; = \;. It is assumed that the buffer
at any intermediate node never overflows under this scheme,
and thus no data is discarded. For a sufficiently long time
T, all the destination nodes can separately receive T X A;
bits from their corresponding source s;.

;i is called the per-flow throughput capacity of both source
node s; and the multicast session ms;. The aggregated mul-
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ticast throughput capacity (capacity for short) of a feasible
rate vector V; is defined as A, (n) = Zs,es X;. The multi-
cast capacity of random networks is defined as follows.

DEFINITION 1. (Capacity of Networks)[1]. The total mul-
ticast capacity of a network is in the order of ©(f(n)) bits/s
if there is a constant ¢ > 0 and ¢ < ¢’ < +o0o such that

lim Pr(An,(n) =cf(n) is feasible) = 1

n—00

lim Pr(An, (n) =c f(n) is feasible) < 1

n—oo

The definition of per-flow capacity of a network is similar.

4. UPPER BOUND FOR MULTICAST CA-
PACITY

In this section, part 1 analyzes the fundamental constraints
that the proposed model must satisfy. Part 2 introduces the
competitive intensity in wireless networks and estimates the
intensity of a wireless network under the proposed network
model. Part 3 derives the theoretical upper bound of the
multicast capacity.

4.1 Constraints on Transmission Range and
Destinations

Firstly, it is crucial to decide the minimum transmission
range ensuring there is no isolated node in a network as n
increases to infinity. All multicast sessions finish their trans-
missions via multicast trees under the new network model.
However, when the transmission range r is relatively small,
a node may fail to communicate with any other one and the
multicast sessions choosing this node as a destination are
infeasible. The minimum transmission range is also called
the Critical Transmission Range (CTR). As proved in [1],
when n nodes are uniformly distributed in a square region

with side length a, the CTR is 4/ W(y where 3 is a con-

stant. Thus, the actual transmission range must be bigger

than CTR. Meanwhile, larger r leads to more conflicts [1],

so the transmission range is:
T p—

L —of

a ™

logn

) (1)

Secondly, k; and R, of a multicast session are randomly
chosen, and a simple constraint is that k; must be less than
the total number of nodes which fall inside of the circle area
with radius R;. The number of nodes in this circle area is
denoted by Cgr,;. Cg, is independent of k; because the n-
odes are uniformly distributed in the region. The following
theorem helps quantify the constraint.

THEOREM 1. When n nodes are uniformly distributed in
a square region with side length a, Pr(Cr, = O(n - i—‘;)) —
1 when n — oo, where Pr(T) — 1 means the occurrence
probability of event T approaches to 1.

PRrROOF. Since nodes are uniformly distributed, for any
node m;,

_ mR;®
- a2

Pr(m; in circle area with R;)

and Pr(m; in circle area with R;) is independent of all

2
the nodes. It is obvious that E(Cg,) = T and accord-

ing to the Chernoff’s inequality [19], Pr(|6Ri — E(Cg;)| >
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Figure 1: (a) Transmissions (i,1), (k,n), (j,m) con-
flict with each other. (b) Two transmissions pairs,
(3,1), (k,n) and (i,1), (j,m), conflict with each other.

E(CR,)
E(CR, _E(CrR; .
%) < 2e 2 When n — oo, since a? = n?® <
_Er) _mnR2 _nR%nlo2
n, 2e 2 = 2e 1222 = 2e 12 — 0. Thus,
E(CR, 3E(Cr,
PT(%SC&. g%)elasn%oo. O

2
nR;
P

From Theorem 1, we have k; = O(
cast session ms;, j =1,2,...,ns.

) for every multi-

4.2 Competitive Intensity

In a wireless network, all the source-destination pairs com-
municate via a common wireless channel. Because of the
inherent destructive interference [1], two transmission pairs
cannot transmit simultaneously if they are sufficiently close
to each other. Then we say the two transmissions are com-
peting for the channel with each other. Under the protocol
model, a circle area of radius (1+A)r around a destination is
called the guard zone. Any other transmitter inside this zone
will cause a destructive interference when it delivers packets
simultaneously, and the wireless channel has to be equally
divided by all these transmitters. This competition, in fact,
may be over-estimated, since some of the transmitters in this
guard zone can be scheduled at the same time, as shown in
Fig.1. In Fig.1(a), transmissions (,1), (k,n), (j, m) conflict
with each other, so node ¢ can be scheduled once in three
slots. But in Fig,1(b), transmissions (j,m) and (k,n) can
be scheduled at the same time, so node i can actually be
scheduled once in two slots. The competitive intensity is
thus defined as the number of transmitters that a node or a
transmission has to compete with one at a time.

DEFINITION 2. Competitive Intensity of node i, denot-
ed as Cl;, is the size of the mazimum set of nodes that can-
not successfully transmit simultaneously with node i, and al-
so any pair of nodes in the set fails to transmit at the same
time.

Multiple transmissions may choose same nodes as their
transmitters, and they are obviously competitors for each
other. Then the competitive intensity for a single transmis-
sion can be defined similarly.

The competitive intensity is a lower bound of the time
intervals that a node or a transmission can be scheduled
once. An upper bound of the transmission rate of a node
or a transmission can be directly derived. Meanwhile, a
multicast session is actually carried out by many pairwise
transmissions, so the competitive intensity can help estimate
the throughput of a session and then derive a bound on the
multicast capacity. The competitive intensity of a single
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Figure 2: The union of the grey circles is the inter-
ference area. Green nodes stand for the intermedi-
ate nodes.

transmission under the proposed network model is estimated
as follows.

For an arbitrary session ms;, source node s; transmits to
its destination nodes via a multicast tree T;. All the nodes
in the tree will receive a copy of the data originated by s;.
Meanwhile, all the nodes close to these nodes in the tree
will overhear the data. They cannot participate in other
sessions at the same time. Here, overhearing means a node
is within the range (1 + A)r of any interior node in the
tree of the current session. (Obviously, an overhearing at a
node occurs when it is within the transmission range r of an
interior node in the tree). Overhearing increases competitive
intensity of these nodes, and leads to smaller transmission
rate. In fact, the multicast tree forms an interference area
D(T;), which is the union of the transmission areas of all
the nodes in the tree. The nodes in this interference area
overhear the data from the nodes in the tree. Fig.2 shows an
example of the interference area, which is the union of the
grey circles. Evaluating interference areas of all the sessions
can help compute how many copies of data a single node
will overhear, which is actually a lower bound of competitive
intensity.

Consider an arbitrary multicast session ms;. Its multicast
tree T; is composed of source node s;, destinations U =
{di,da,...,dr;} and some intermediate nodes. The whole
tree falls in a circle region with radius R;, centered at s;.
Define the total Euclidean length of a tree T”s edges as ||T||.
M ST(s;) is the minimum spanning tree connecting s; and all
its destinations. According to a series of theoretical studies
[20], it is often believed that ||T;|| > Bo - ||M ST (s;)||, where
Bo is constant. The following lemma gives a lower bound of
|[MST(s:)]].

LEMMA 1. For k; randomly and uniformly chosen nodes
in a circle region with radius R; centered at node s;,

IMST (s:)|| = Br - ¢(2) - Vki - Ri,
where f1 and c¢(2) are constant.
PROOF. Based on the results in [21],

[IMST(U)|| = c(2) - Vki - V7R;: (2)

MST(U) is the minimum spanning tree connecting all

the k; destinations. When node s; is added to MST(U),

it connects itself to some node in this tree, say d,. The
additional length is no more than R;. So we have



IMST(si)|| < [[MSTU)|| + Ri.

The new spanning tree may not be minimal, and the added
node could possibly modify the original edges. But since the
destinations are randomly and uniformly picked, when k; is
sufficiently large, the change only affects a small proportion
of the tree. Thus,

[[MST(si)|| = B2|[MST(U)]],0 < B2 < 1.
Combining the above two inequalities, we have
[[MST (s:)|| = Br||MST(U)]|.
(1 is a constant and this can finish the proof when combined
with Equation (2). [

For simplicity, let B3 = Bo-B1-¢(2), so ||Ti|| > Bs-Vki- Ri.
The bound of ||T;|| can help derive a lower bound on the size
of the interference area D(T;). A similar problem has been
considered in [2], which can be extended to the following
lemma.

LEMMA 2. The size of mterference area D(T;), denoted
as |D(T3)|, is at least Ba - V'ki - Ri - v with high probability,
when k; = O(Iz";), and fs - RiQ when k; = 0(13"22). Here,
B4 and Bs are constant, and r is the common transmission
range.

PROOF. This proof can be derived from Lemma 11 and
Lemma 15 in [2]. We only need to change k to k; and a to
R;.

Firstly, we build a new multicast tree T} based on Tj.
Various methods [22, 23, 24] can be applied for tree con-
struction. T} is a connected dominating set of the nodes in
T;, and it includes source node s;. It has been proved by
Lemma 11 in [2] that the maximum degree d of the nodes

in 7] is no more than 13 and |D(T})| > ‘,ST(J:I) , where |T7 |
is the number of the nodes in T7.
Based on Lemma 1, ||T7|| + k:
Bs - v/ki - Ri, and |T{| > 1T
Since the set of the nodes in T} is a subset of the set of
the nodes in T;, we have

1 > Bol[MST(si)|| >

\T{\ﬂ7'2 7‘33 VEi Ry ki wr?
|D(T3)| = |D(T3)| = ¢

6(dr1) = 6(d+D)
When k; = O(£5),
k;-mr-(BsR; —O(R
where 84 = 6(curl),andwhenk —0( ), |D(T)| = ©(R?).
A limitation is that k; must be less then Cg,, thus the

second assumption of k; in Lemma 2 is feasible only when
2 2
Cr, = Q(&5). Cr, =0(n- &4

i
. 1
and since £ > /2"

) according to Theorem 1,

R;2
=, we have Cr, > “&.
It can be concluded that

|D(T;)| = QWki-Ri-r) ki= 0(1};)
o lewd ko= 0(1)

This bound can be used to estimate the probability that an
arbitrary node m; falls in D(T;):

|D(T3)]

Pr(m; falls in D(T})) = (3)

Next lemma estimates the number of sessions whose in-
terference area covers an arbitrary node m;, denoted as I;.
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LEMMA 3. For the wireless network and multicast ses-
sions defined in Section 2,

I > Zl lmzn{fR -r,R; %}

2a2

, w.h.p..

PrROOF. Let X; = 1 when ms; covers m; and 0 otherwise,
i=1,2,...,ns. For asingle multicast session ms;, according
to Equation (3),

PT'(XZ'

1) = 2@

Since the multicast sessions are generated independently,

Iy =321 Xi So

E(I]’) = E(Z?:Sl XZ) = Z:l:gl E(X

According to Lemma 2, |D(T;)| = min{Bsvk; - R
where (¢ is a constant, so

> min{y/ki-Ri-r, R}
- .

[D(T;)|

i) = Z?il Tz
T RiQ}v

E(I;) =

Be is omitted because it only changes E(I;) by constant
times. Then

B(1;)

By < pr(|I; — B(Iy)| > 202y < 2em 71,

Pr(l; < =

which is based on the Chernoff’s inequality. Since E(I;) —
400 as the number of nodes goes to infinity, it is clear that

E(1;)
2e” —0. So I; > J) with high probability. [

12

Lemma 3 sets a lower bound on the number of sessions
that compete with an arbitrary node m;. But this may be
an over-estimation of the competitive intensity, since some
of these sessions can perhaps be scheduled together. Next
lemma indicates that these sessions also conflict with each
other.

LEMMA 4. For two multicast sessions ms; and ms;, if
D(T;) and D(T;) both cover a node m, then ms; and ms;
cannot transmit simultaneously.

Proor. If D(T;) and D(T;) both cover a node m, obvi-
ously there must be nodes m; and m; in each session and
their Euclidean distance to m is less than r. So the distance
between m; and m; is less than 2r. If they are both leaf n-
odes or non-leaf nodes, then the distance between one node
and another’s sender or receiver is always less than 3r. m;
and m; compete with each other since A > 2. Otherwise, we
assume m; is a leaf node and m; is an interior node, then
m; is in m;’s guard zone. ms; and ms; cannot transmit
simultaneously either. [

Finally, a lower bound on the competitive intensity C1I;
can be derived by combining Lemma 3 and Lemma 4:

C[ > E 1"“"{\/>R R}

2a2

4.3 Upper Bound on Capacity

It is crucial to notice that the transmission rate of a multi-
cast tree is no more than that of any node in the tree. Other-
wise, the buffers of some nodes may overflow and packets will
be dropped. Thus, when the lower bound of the scheduling
time interval of a node in the tree is derived, an upper bound
of the transmission rate of this multicast session is also ob-
tained. An interval means the time between two assigned
slots during which a node transmits for the same session.



A node may be an intermediate node of multiple multicast
trees and be assigned multiple slots. The interval of a n-
ode is no less than its competitive intensity in a round robin
manner. Then the transmission rate is bounded by the re-
ciprocal of its competitive intensity for a single transmission.
So the upper bound of the per-flow throughput capacity of
a multicast session is given by the following theorem.

THEOREM 2. For any multicast session ms;, its per-flow

2a
min{+/k; R;-r,R;2}

throughput capacity v; is less than =
W bits/second with high probability.

ns

i=1

PROOF. For multicast tree T;, take the source node s;
into consideration. Its competitive intensity is at least

sy min{y/ki-RiRi%}
2a2

with high probability according to Lemma 3 and Lemma 4.

Since the channel is equally divided for these sessions, the
24>

transmission rate of s; is no more than

W. This is also an upper bound for session ms;, then

W)

2a°
v = O(= .
! (2521 min{y/k;-R;-r,R;?}

a

Then the multicast capacity of a random network is bound-
ed by

2a2 - Ns

S min{vki - Ri -, R}
5. AN ACHIEVABLE LOWER BOUND

This section provides a feasible transmission scheme for
all the multicast sessions, and derives the lower bound of
the multicast capacity achieved by this scheme. The basic
idea of the scheme has also been used by lots of previous
studies on network capacity [1][2][9].

5.1 A Scheme for Multicast

The proposed scheme is based on the idea of a backbone
graph [25]. It partitions region 2 into equal-sized square
gI‘idS G = {91,1791,27 ey 91,15,92,15 -4 791,1}7 each Wlth Side
length 7, | = [W] When two grids share a common

An,(n) = O(

w) (4

side, any two nodes in these two grids can communicate
directly since their distance is always no bigger than r. In
each grid, one node is randomly picked as the leading node.
All the leading nodes form a connected graph. In each grid,
other nodes can communicate with their leading node in a
single hop. The leading nodes actually form a backbone
graph for the network. All the sessions route on top of this
backbone graph. A transmitter first forwards its packet to
its leading node in the grid, then to the receiver’s grid via the
backbone graph, and finally to its receiver in the last step.
The following two principles are proved before we introduce
the comprehensive scheme:

1) No grid is empty when n tends to be infinite.

2) Each leading node can be scheduled in constant time
intervals by a round robin manner.

LEMMA 5. For any grid gi,;, there is at least one node in
the grid with high probability as n approaches to infinity.

Yy min{y/ki-Ri-m,R;2}
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PROOF. For an arbitrary node m;, Pr(m; in grid g;,;) =

r2

5a22 SO
2 _ nr2
Pr(gi,; is empty) = (1 — £25)" < e 542
Since r/a > 1/ &% when n — oo,
n
TLT‘2
Pr(g;; is empty) < e 5.2 <e 198" 0
O

Lemma 5 ensures there is almost no empty grid, and the
following lemma can support the second principle.

LEMMA 6. On the backbone graph, every node can trans-
mit once in every P time slots, P < 5m(3 + A)? .

ProoOF. If a transmitter u interferes with another node
v, the Euclidean distance between u and v is less than (1 +
A)r 4+ r. It means the distance between one receiver and
another source could be less than (1 + A)r. Thus the grid
that u falls in is the circle of radius (14 A)r + r centered at
v. Then, it is obvious that

P< thi)/’;rw :57r(3+A)2.

These P leading nodes can be scheduled by a round robin
method, and each transmits once in every P time slots. []

The total number of nodes in each of these P grids is in
the order of ©(n - :—z) = O(logn), and the proof is similar
to Theorem 1.

The proposed scheme carries out the multicast sessions
via multicast trees. The construction of the multicast tree
for an arbitrary session ms; includes three steps:

(1) Repeat steps (2) and (3) for k = 2,3,...,k;.

(2) In the kth step, partition the circle region into no
more than k; + 1 — k cells. Firstly, the partition is done by

B + 1 vertical lines. The first and last lines tangent

VEki+1—k

to the circle, and others are between them with identical
distance \/% Then the process is performed again
with a group of horizontal lines.

(3) According to the pigeonhole principle, there is at least
a cell containing two or more nodes. Two of the nodes in the
same cell are connected by Manhattan Routing and will be
considered as an integrated node in the next round. Thus,
the number of nodes remained for connection decreases by
one at the end of each round until all nodes are connected.

In step (3), when node u expects to transmit to node v,
u first horizontally transmits its packet to the leading node
of grid gu,»,. The leading node then vertically forwards the
packet to v. Grid g4, is a grid in the same row with «
and same column with v. The routing strategy is called
Manhattan Routing, as shown in Fig.3 where the red nodes
are the transmitter and receiver, and the green nodes are the
leading nodes. A multicast session involves three phases:

Phase 1 The source node in the multicast tree forwards
its packets to the leading node of its own grid.

Phase 2 Packets are sent to the grids that contain their
receivers via the backbone path of leading nodes. The Man-
hattan Routing is used in this phase.

Phase 3 Leading nodes deliver packets to their corre-
sponding receivers, and the transmission is finished.



Figure 3: Red nodes are source-destination pair,
green nodes are leading nodes, and the side length

of a grid is %

It is important to notice that all the destinations con-
nected by a backbone path are actually leaf nodes of the
multicast tree, and they do not act as transmitters. Only
the source node delivers packets in the first phase.

5.2 Achievable Capacity of the Scheme

We build a feasible multicast tree T; for a multicast ses-
sion. This subsection estimates the transmission rate of
T;. For phase 1 and phase 3, it is easy to prove that each
node can transmit or receive at the rate of Q(loén - W)
bits/second, since there are ©(logn) nodes in each grid, and
a grid can be scheduled once every constant number of time
slots. The transmission rate of each multicast session in
phase 2 is analyzed below. The proof mainly focuses on es-
timating the number of sessions that a leading node has to
serve. The transmission rate of the leading node is equally
partitioned by these sessions.

LEMMA 7. Given a grid g, the probability that a multicast

ﬁ»Ri-7‘

session ms; will use g is no more than 57 ;2 , where B
is a constant, saying ms; uses g when the leading node of g
is an interior node of T;.

PROOF. First of all, the leading node must fall in the
distributed region of ms;, which happens with probability

2
TR

a? °
According to the proposed scheme, in the kth step, k =
1,2, k;, the probability that grid g is used by Manhattan
Routing can be calculated as follow:

_ _ 1 R;/\/kitl—k
PT’(Xk;fl)f ki+1ik'ps( r/v/5 )
Here, X = 1 means grid g is used in the kth step, and
is the probability that the cell in which grid g falls
Ri/Ti V/k\ng) is the
probability that grid g is on the transmitting path of the two
destinations. L; stands for the number of columns (rows) of
Ri/\/ki+1—k

7‘/\/5 )

. Let v and v

1
kitl—Fk

contains more than two destinations. ps(

grids in a cell in the ith round. Define L; =
then ps(L;) = Bgt - LL*TTH + 25 LFL*T:JFI

denote the two n(;des to be connecéed in the ith round. The
first part of the right side means that u is in the same row
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with grid g, and node u and v are on different sides of the
column that grid g falls in. The second part means v is in
the same column with grid g, node u and v are on different
sides of grid g’s row. Obviously,

p is the probability that grid g is used by the multicast
session ms; when g is inside the distributed region of ms;.
Then for all the k; steps,

k; ks R;/\/ki+1—k
p < Zk=1 PrXpx=1)= Zk=1 ki+11—k'p5( /5 ) <
44/10 r
Then

mR? 4v/10 r
. — ki — =
5 Vhi R;

a2

Vki-R;-r
Br—m——

Pr(ms; use g) <
a

()
O

Since there are in total ns independent multicast session-
s, Lemma 8 can derive the upper bound of the number of
sessions that use a grid g.

LEMMA 8. For any grid g, the number of multicast ses-
s min i-R;-r,R2 . .
325 i;éa Rim Ry} with high

stons using g is less than
probability.

PROOF. Let Y; = 1 when ms; uses g, and Y; = 0 other-
wise, i = 1,2,...,ns. According to Lemma 7, Pr(Y; =1) <
,87@. Then

E(Y) E(Z?:H Yl) = Z?:H E(Yl)a

N

also because Pr(ms; uses g) < ”:} -1,

s min .-R;-r,R2
E(Y) < it {Z/E Ri-mRY}
According to the Chernoff’s inequality,
Pr(y > 20Xy < pr(ly — E(Y)| > £0)) < 90~ B0)/12

and then the lemma is proved since E(Y') goes to infinity as
n increases. [

Lemma 8 gives an upper bound of the number of sessions
that a leading node must serve. According to the previ-
ous subsection, a leading node can transmit at a constant
rate, and its rate is equally divided by these sessions. Then
the per-flow throughput of these multicast sessions can be
bounded.

THEOREM 3. For any multicast session ms;, its per-flow
throughput capacity is more than

2a?
32?:31 min{\/E-ler,R?
PROOF. In the proposed scheme, phase 2 is carried out
via the backbone path composed of leading nodes. Accord-
ing to Lemma 8, the transmission rate of phase 2 is bigger
than

7 W bits/second w.h.p..

- W. This is because the wire-

24°
32?;1 min{\/a-Ri-r,Rf}
less channel is equally divided for the sessions. Denote the
average value of {VkiR1,VkaRz, -+, \/kn.Rn.} as VEiR;.
When vE;R; = Q(a), since ns = O(n),1/2 < € < 1, the
following inequality is true when n goes to infinity:




W< W

— logn"’

2a°
VV'S 3ng-ar

242 .
330, min{y/k;-R;-r,R2}

9(10W ) is an achievable transmission rate of phase 1 and
gn

phase 3.
The proof is a little complex when vk; R; = O(a), where
VER = Y1y kiR

' . Here is an intuitive description. The
detailed proof is omitted due to space limitation. In phase 1
and phase 3, the leading node only serves the sessions whose
sources or destinations fall inside its grid, while in phase 2,
the leading node also acts as a relay node for other sessions
besides receiving the packets towards its own grid. Then the
number of packets a leading node sends or receives in phase
2 is larger than that of phase 1 and phase 3.

So the lower bound of the transmission rate for phase 2 is
also a lower bound of the per-flow throughput capacity:

2a°

v; =
¢ (3Z?§1min{\/ki~Ri~r,R?}

a

Then a lower bound of multicast capacity is the sum of

the achievable throughputs of all the sessions:

20.277.S

305, min{\/k;-R;-r,R?}

6. DISCUSSION

In this section, some discussions of the network model and
the derived bounds are presented.

An,(n) =Q( - W)

6.1 Capacity Variation While r; And #; Change

R; and k; can decide the size of the interference area of
multicast session ms; based on Lemma 2. A bigger size caus-
es larger traffic load due to the following reasons. More extra
nodes serve as the relay nodes and more nodes incur colli-
sions because of falling inside the interference area. Larger
traffic load leads to smaller capacity since the channel re-
source for each session decreases. We are curious about how
different R;s and k;s affect the total traffic load of a wireless
network in our model, especially the groups of R;s and k;s
that make the load sufficiently large or small. The result is
shown by the relationship between the capacity and different
R;s and k;s.

It is known that unicast and broadcast are two tails of
multicast: unicast is the case where each session only con-
tains single or few destinations, and broadcast is the case
where the number of destinations of each session is in the
same order of the total number of nodes in the network.
The unicast capacity of a network is in the order O(W  2),
and the broadcast capacity is in the order ©(W). We say
that the traffic load of a wireless network is “heavy” when
its capacity is in the same order of a broadcast network, and
“light” for the unicast-like traffic load.

When R;s and k;s are both non-identical, define the aver-
age value of {v/k1 R1,Vk2Rz, ..., \/kn, Rn,} as Vk; R;. Then
i) If vV R; = Q(“—f), the capacity An, (n) = ©(W), which is
derived from A, (n) = O( s mm‘;i;i'Ri%R?} -W). The
traffic load is heavy in the whole network, because most ses-
sions expect to transmit either to many destinations (i.e.,
large k;s) or to some destinations quite far away (i.e., large
R;s). In this case, the traffic load is like that of a broad-
cast network. ii) If v/k;R; = O(a), the capacity A,,(n) =
©(% - W). The traffic load is light in the wireless network.
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Figure 5: (a) Maz vk; keeps traffic load light. (b)
Min Vk; keeps traffic load heavy.

The interference area of each session is only a small region.
There are not many overlaps between these sessions’ inter-
ference areas even when there are quite many multicast ses-
sions (i.e., ns = O(n°)). In this case, the traffic load is like
that of an unicast network.

Define the variance of {v/ki1R1,Vk2Ra,...,\/kn,Rn,} as
8§(Vk - R). The changing of §(vk - R) will not affect the
capacity, because the multicast capacity is bounded by the
total traffic load, and the traffic load is determined by VkiR;
and ns according to our proofs. The relationship between
VEiR; and A,,, (n) is shown in Fig.4.

Next, we discuss R;s and k;s separately. The primary
question is how k;s (R;s) will affect multicast capacity when
R;s (k:s) are set to be identical at some levels.

When R;s are set to be identical, the capacity A, (n)

e(zjil Ri-min{/kimRi} W), which is a function of v/k;.
When R; = O(-%), since k; = O(n - ), VkiRi =
n4
R;

O(Wn-% - R)=0(/n-1. %) = O(a). Then the traffic

load in the network is always like that of an unicast network.
The largest v/k; that can ensure that the traffic load is light
equals 7~ if R; keeps growing. The relationship between R;
and v/k; is shown in Fig.5(a).

On the other hand, with identical R;s, when R; = O( o
VEiR; = O(vn- % Ry) = O0(y/n-1-a* %) = O(%).
Then no matter how k; changes, the total traffic load is n-
ever as heavy as that of a broadcast network. The number

of overlaps between sessions are relatively small due to the
small distribution region of each session. When R; keeps

a2n5

R;?
a2

a3




an"ir

@ ®)

Figure 6: (a) The max R; that keeps the traffic load
light. (b) The min R; that keeps the traffic load
heavy.

growing, the smallest v/k; that makes the traffic load heavy
a2
R;r

When +/k;s are set to be identical, the analysis is similar.
So the result is directly shown here.

1) When vk; = O(n%)7 the biggest R; that can keep the
network having light traffic load equals \/GJT With larger
Vi , R; must be large enough to contain these nodes, thus
VkiR; = Q(a). The total traffic load is always not in the
light tail. The result is shown in Fig.6(a).

2) When vk; = O(y/% - /n), the smallest R; that keeps

the network’s traffic load heavy equals When vk; =

in the network equals as shown in Fig.5(b).

0.2
Q(4/2 - y/n), the traffic load is always like that of a broad-

cast network, as shown in Fig.6(b).
In the proposed network model, a = n*,a < 1/2 and ¢ <

n
logn

bounds of the multicast capacity presented by n.
results are similar, thus omitted.

. Then the following theorem is given to show some
Other

THEOREM 4. For the proposed network model, when R;
O(n%), An,(n) = O(,/525 - W), or when ki = (=),
An.(n) =0O(W).

Finally, the multicast capacity of wireless networks under
the proposed network model is concluded in Theorem 5.

THEOREM 5. For the proposed network model,
1) When R; = ©(a) and k; = ko,Vi=1,2,--- ng:

(7= - W) when Vko = 0(%)
An,(n) =
ow) when ko = w(%)

2) When R;s and k;s are both independently chosen:

ow) whenmz Q(L:)
An,(n) = oy - W) when m = 0(a)
O( o . W)  others
kiR;-T

3) When R;s are identical, and R; = Ro,Vi =1,2,--+ ns:
A"s (n) =
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o2 W) when Ry = O(-%)

n4
o(W) when Ry = Q( éjﬁ),ﬁ — (var)
@(ﬁ . W) others

4) When k;is are identical, and k; = ko,Vi =1,2,--- ;ns:
Ans (n)

o(: W) when ko = O(n), B = O( i)
o(w) when ko = Q(% - /n)
@(E~§R~r -W) others

6.2 Generality of the Network Model

The multicast capacity of wireless networks under the pro-

a2ns

posed network model is in the order of ©( SR e

W). Firstly, when setting R; = % and k; = ko for all
ms;, all sessions are identical on the number of destinations
and randomly pick destinations from the whole region. This

is the traffic pattern used by most previous works. The
capacity can be changed to A, (n) = O(—= - W) when

2 \/RAT 2
ko = O(%) and A, (n) = O(W) when ko = Q(%). It is
the same with the result in [2], so our network model is a
proper generalization of the previous ones both intuitively
and theoretically.

6.3 Applicability of Competitive Intensity
When 1 < A < 2, the competitive intensity is still in the

ns i . R;-rR;2 .
order of Q(Zi:lmm{;{a& i }). Such a A is for some
indoor applications. The sketch of the proof is given below.
Consider the interference area of a multicast tree T,

Dy = { AR Fer) k= 0()
o Lo e = 07

Let D'(Ti) denote the interference area of 7;’s non-leaf n-
odes. Then |D’(T;)| > |D(T3)| — ki * 72 since some destina-
tions may also serve as relay nodes.

(1) When k; = O(252), |D'(T0)| = Q(VFs-Ri-r—kixr?) =
QWki - r(Ri — O(E) 7)) = Q(Vki - Ri - 7).

(2) When k; = Q(Iff'; ), the union of the circle areas with
radium 7, centering at each destination, is in the order of
O(R;?). This is based on the assumption that the destina-
tions are randomly picked. Then there must be a transmitter
within or on the edge of each circle area that delivers packets
to the destination, and a constant proportion of the circle
area is covered by the transmitter. This property holds for
all the destinations, thus |D’(T;)| = - R;® = ©(R;?), where
7 is a constant.

Lemma 3 is then proved by replacing | D(T;)| with |D'(T5)|.
All the non-leaf nodes are both transmitters and receivers,
thus Lemma 4 holds with 1 < A < 2, and the proof is
finished.

The proposed network model needs to be extended when
the traffic load is heterogeneous around the network. But
the competitive intensity is still workable, and the through-
put of a single session is no more than the transmission rate
of the interior node with the largest competitive intensity.




7. CONCLUSION

This paper studies the capacity of wireless networks with
multiple types of multicast sessions. A new network model
is proposed ignoring the assumption of traffic patterns be-
ing homogeneous. Based on the proposed network model, a
theoretical upper bound and a reachable lower bound of the
multicast capacity are derived, and two bounds are asymp-
totically tight. The proposed network model and derived ca-
pacity bounds generalize the previous network models and
the capacity bounds. Meanwhile, they are more practical
and applicable to practical applications.

Acknowledgements

This work is supported in part by National Natural Sci-
ence Foundation of China under grants No.61190115 and
No0.61033015; National Science Foundation under grants No.
CNS-1152001 and No.CNS-1252292.

8. REFERENCES

[1] P. Gupta and P. R. Kumar, “The capacity of wireless
networks,” IEEE Trans. Information Theory, vol. 46,
no. 2, pp. 388-404, 2000.

[2] X.-Y. Li, “Multicast capacity of wireless ad hoc
networks,” IEEE/ACM Trans. Networking (TON),
vol. 17, no. 3, pp. 950-961, 2009.

[3] S. Shakkottai, X. Liu, and R. Srikant, “The multicast
capacity of large multihop wireless networks,”
IEEE/ACM Trans. Networking (TON), vol. 18, no. 6,
pp. 1691-1700, 2010.

[4] X. Mao, X.-Y. Li, and S. Tang, “Multicast capacity for
hybrid wireless networks,” in In Proc. of the 9th ACM
international symposium on Mobile ad hoc networking
and computing, pp. 189-198, ACM, 2008.

[5] M. Franceschetti, O. Dousse, N. David, and P. Thiran,
“Closing the gap in the capacity of wireless networks
via percolation theory,” IEEE Trans. Information
Theory, vol. 53, no. 3, pp. 1009-1018, 2007.

[6] A. Keshavarz-Haddad, V. Ribeiro, and R. Riedi,
“Broadcast capacity in multihop wireless networks,” in
In Proc. of the 12th annual international conference
on Mobile computing and networking, pp. 239-250,
ACM, 2006.

[7] C. Wang, C. Jiang, Y. Liu, X.-Y. Li, S. Tang, and
H. Ma, “Aggregation capacity of wireless sensor
networks: extended network case,” in INFOCOM, In
Proc.IEEE, pp. 1701-1709, IEEE, 2011.

[8] S. Ji and Z. Cai, “Distributed data collection in
large-scale asynchronous wireless sensor networks
under the generalized physical interference model,”
IEEE/ACM Trans. Networking, vol. 21, no. 4,
pp. 1270-1283, 2013.

[9] Q. Peng, X. Wang, and H. Tang, “Heterogeneity
increases multicast capacity in clustered network,” in
INFOCOM, In Proc. IEEE, pp. 703-711, IEEE, 2011.

[10] S. Tang, X. Mao, T. Jung, J. Han, X.-Y. Li, B. Xu,
and C. Ma, “Closing the gap in the multicast capacity
of hybrid wireless networks,” in In Proc. of the
thirteenth ACM international symposium on Mobile
Ad Hoc Networking and Computing, pp. 135—144,
ACM, 2012.

[11] C. Hu, X. Wang, D. Nie, and J. Zhao, “Multicast
scaling laws with hierarchical cooperation,” in
INFOCOM, IN Proc.IEEE, pp. 1-9, IEEE, 2010.

[12] L.-L. Xie and P. R. Kumar, “A network information
theory for wireless communication: Scaling laws and
optimal operation,” IEEE Trans. Information Theory,
vol. 50, no. 5, pp. 748-767, 2004.

[13] M. Grossglauser and D. Tse, “Mobility increases the
capacity of ad-hoc wireless networks,” in INFOCOM
2001. Twentieth Annual Joint Conference of the IEEE
Computer and Communications Societies. Proc..
IEFEE, vol. 3, pp. 1360-1369, IEEE, 2001.

[14] U. C. Kozat, “On the throughput capacity of
opportunistic multicasting with erasure codes,” in
INFOCOM 2008. The 27th Conference on Computer
Communications. IEEE, pp. 520-528, IEEE, 2008.

[15] L. K. Law, S. V. Krishnamurthy, and M. Faloutsos,
“Capacity of hybrid cellular-ad hoc data networks,” in
INFOCOM 2008. The 27th Conference on Computer
Communications. IEEE, pp. 1606-1614, IEEE, 2008.

[16] M. Ji, Z. Wang, H. R. Sadjadpour, and
J. Garcia-Luna-Aceves, “The capacity of ad hoc
networks with heterogeneous traffic using
cooperation,” in INFOCOM, In Proc. IEEE, pp. 1-9,
IEEE, 2010.

[17] H. S. Rahul, S. Kumar, and D. Katabi, “Jmb: scaling
wireless capacity with user demands,” in In Proc. of
the ACM SIGCOMM 2012 conference on Applications,
technologies, architectures, and protocols for computer
communication, pp. 235-246, ACM, 2012.

[18] W. Wang, Y. Wang, X.-Y. Li, W.-Z. Song, and
O. Frieder, “Efficient interference-aware TDMA link
scheduling for static wireless networks,” in In Proc. of
the 12th annual international conference on Mobile
computing and networking, pp. 262-273, ACM, 2006.

[19] M. Mitzenmacher and E. Upfal, Probability and
computing: Randomized algorithms and probabilistic
analysis. Cambridge University Press, 2005.

[20] A. O. Ivanov and A. A. Tuzhilin, “The steiner ratio
gilbert—pollak conjecture is still open,” Algorithmica,
vol. 62, no. 1-2, pp. 630-632, 2012.

[21] J. M. Steele, “Growth rates of euclidean minimal
spanning trees with power weighted edges,” The
Annals of Probability, pp. 17671787, 1988.

[22] J. Blum, M. Ding, A. Thaeler, and X. Cheng,
“Connected dominating set in sensor networks and
manets,” in Handbook of combinatorial optimization,
pp- 329-369, Springer, 2005.

[23] X. Cheng, X. Huang, D. Li, W. Wu, and D.-Z. Du, “A
polynomial-time approximation scheme for the
minimum-connected dominating set in ad hoc wireless
networks,” Networks, vol. 42, no. 4, pp. 202-208, 2003.

[24] M. Cardei, M. X. Cheng, X. Cheng, and D.-Z. Du,
“Connected domination in multihop ad hoc wireless
networks,” in JCIS, pp. 251-255, 2002.

[25] H. Du, Q. Ye, W. Wu, W. Lee, D. Li, D. Du, and
S. Howard, “Constant approximation for virtual
backbone construction with guaranteed routing cost in
wireless sensor networks,” in INFOCOM, In Proc.
IEEE, pp. 1737-1744, IEEE, 2011.





