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ABSTRACT
In this paper, we model the data dissemination in online social net-
works (OSNs) and study the scaling laws of traffic load. We pro-
pose a three-layered system model to formulate data dissemination
sessions for social applications in OSNs. The layered model con-
sists of the physical network layer, social relationship layer, and
application session layer. By analyzing mutual relevances among
these three layers, we investigate the geographical distribution fea-
ture of dissemination sessions in OSNs. Based on this, we derive
the traffic load of OSNs under a realistic assumption that every
source sustains a data generating rate of constant order. To the best
of our knowledge, this is the first work to address the issue of traf-
fic load scaling for OSNs by modeling the social data dissemination
from a layered perspective.

Categories and Subject Descriptors
C.2.1 [Network Architecture and Design]: Network communica-
tions; Network topology; H.3.4 [Systems and Software]: Infor-
mation networks

General Terms
Performance; Theory

Keywords
Online social networks, data dissemination, traffic load, scaling
laws
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1. INTRODUCTION
Recent years have witnessed a dramatic growth of user popula-

tion of online social networks (OSNs). For example, according to
the report in March 2013, Facebook has 1.11 billion people using
the site each month, which represents a 23 percent growth from
a year earlier [3]. OSNs are organized around users [28]. User-
s publish their profile and any content, build links to other users
in whom they are interested. OSN sites act as the basis for main-
taining social relationships [18, 28]. In OSNs, the communication
pattern based on users’ profiles and social relationships is arguably
the most important feature [18, 27]. Here, user profiles are usually
personal web pages where users can post content, e.g., texts, pic-
tures, music, and videos. For the postings of a user, some of users
who follow (are interested in) this user post comments and other
content as feedbacks. Thereby, data traffic emerges among OSNs.
As OSNs expand rapidly, the traffic load imposed on the underly-
ing communication networks, e.g., the Internet or different types
of wireless networks, grows heavier and heavier. Then, how does
such traffic load scale as the size of an OSN increases over time?
This is the problem we aim to solve in this paper.

For modeling the data traffic pattern and addressing the bounds
on network traffic load in OSNs, there are two key factors to con-
sider. The first factor is the architecture of OSNs. In OSNs with the
centralized architecture, users’ profiles and content are uploaded in-
to servers, and some users request from servers for the information
of users of interest [28, 34]. While, in OSNs with the decentral-
ized architecture, users run P2P clients (peers) on their hosts to
browse the profiles of friends and post content. Peers form an over-
lay network for the purpose of collectively sharing and replicating
content, serving it on behalf of offline users when needed [27, 36].
Whichever architecture is adopted, a traffic session in the OSN can
be essentially modeled as a data dissemination from a source to
some specific destinations. The second factor is the architecture of
underlying communication network, e.g., wireless, wired, or hybrid
networking. This has a significant impact on implementing routing
for specific data dissemination sessions. In this paper, we are con-
cerned with the fundamental limits on the traffic load imposed on
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Figure 1: Layered System Model.

the underlying communication networks of OSNs, and mainly pur-
sue the tight lower bounds that can theoretically be achieved over
the communication network with the optimal architecture. We ad-
dress this issue by analyzing the geographic characteristics of data
dissemination sessions in OSNs, i.e., the spacial distribution of traf-
fic sessions (the location distribution of sources and destinations).

We propose a three-layered model consisting of the physical net-
work layer (Layer 1), social relationship layer (Layer 2), and ap-
plication session layer (Layer 3), as illustrated in Fig.1. Then, for
the purpose of deriving the spacial distribution of traffic sessions
depending on users’ geographical distribution, we adopt two steps
to clarify the correlation between Layer 3 and Layer 1: Firstly, we
start with dredging the correlation between Layer 2 and Layer 1,
i.e., the relevance between the formation scheme of users’ social
relationships and the distribution model of users’ geographical lo-
cations. We propose an innovative and practical population-based
social formation model to build the links from Layer 1 to Layer 2,
and validate its practicality based on a dataset of the online social
network called Brightkite. Secondly, we analyze the correlation be-
tween Layer 3 and Layer 2, i.e., the relevance between the traffic
pattern for a specific social application and the topology of users’
social relationship network, assuming users constantly intend to de-
liver information to other users with whom they associate (friends
or followers). By these two steps, we compute the bound on the
aggregate travel distance over which a data packet in a session is
transmitted from the source to its destinations. Furthermore, we
derive the traffic load of the social network under a realistic as-
sumption that all sources sustain the data generating rates of the
constant order.

To emulate the inhomogeneous geographical distribution of user-
s in real-life OSNs, we introduce the shotnoise Cox process [5, 29]
to model the deployment of users on Layer 1. Under such a model,
we present the general density function of social relationship distri-
bution and the general form of traffic load bounds in OSNs, which
can serve as the basis for obtaining further an in-depth understand-
ing on scaling laws of traffic load in OSNs (Theorem 1). In partic-
ular, we derive the explicit traffic load scaling for the OSNs with a
special Layer 1, where users are homogeneously distributed (The-
orem 2). The result shows that the traffic load for social-broadcast
is monotonically nonincreasing in the range

[
Θ(𝑛),Θ(𝑛2)

]
for the

clustering exponents of both friendship degree and friendship for-
mation (Section 5.3.3), where 𝑛 is the number of users in the OSN.
It can highlight the differences from results for data dissemination
in conventional communication networks. Furthermore, when a

specific underlying communication network is introduced, our re-
sults on travel distances can also play an important role in analyzing
some system performances, e.g., network capacity and latency. To
the best of our knowledge, this is the first work to address scaling
laws for the traffic load of OSNs by modeling the data dissemina-
tion in social networks.

The rest of this paper is organized as follows. We provide the
motivation and problem formulation of this work in Section 2, and
propose the system model in Section 3. In Section 4, we give the
main results on general system model, and derive the representa-
tive results for a special model where users are distributed homo-
geneously on the physical network layer in Section 5. Finally, we
draw a conclusion, and make a discussion about the future work in
Section 6.

2. PRACTICAL MOTIVATION AND
PROBLEM FORMULATION

2.1 Related Work and Our Motivation
Online social networks (OSNs) allow hundreds of millions of

the Internet users worldwide to produce and consume content, and
provide users with the access to the unprecedented large-scale in-
formation repository [15]. They play an important role in the infor-
mation diffusion by increasing the spread of novel information and
diverse viewpoints, and have shown their power in many situation-
s [6,26]. In the research community of OSNs, there are some repre-
sentative topics that have been extensively studied, such as detect-
ing popular topics [25], modeling information diffusion [30], and
identifying influential spreaders [8], and so on. Most existing work
mainly focused on the information diffusion scheme over over-
lay relationship networks of users in social network sites/services
(SNSs).

Meanwhile, as SNSs become increasingly popular for informa-
tion exchange, the traffic generated by social applications rapidly
expands [2]. As an argument, according to a report of Sharea-
holic [4], between November 2012 and November 2013, social
media referral traffic from the top five social media sites increased
by 111% while search traffic from the top five search engines had
decreased by 6%. Thereby, besides the analysis of information d-
iffusion schemes in overlay social networks like in the literature
[6, 8, 25, 26, 30, 37], an in-depth understanding of the impact of in-
creasing traffic generated by OSNs on underlying communication
networks, e.g., the Internet, is also necessary for evaluating cur-
rent OSN systems, optimizing network architectures and the de-
ployment of servers for OSNs, and even designing future OSNs.
One of main challenges in addressing this issue is to propose prac-
tical modeling and effective analyzing methods for data dissem-
ination of OSNs implemented in underlying communication net-
works, since OSNs change both information propagation schemes
and traffic session patterns in communication networks due to the
involvement of overlay social relationships and users’ preferences
and decisions. Accordingly, in this paper, we aim at modeling da-
ta dissemination in OSNs, and analyzing the traffic load for OSNs
imposed on the underlying communication networks.

2.2 Formulation of Traffic Load for OSNs
In a communication network, the sum of products of bits and

the distances over which they are carried, i.e., the so-called traffic
load, is a valuable indicator of the network’s transport capacity [16,
19]. In this paper, we mainly study the traffic load scaling of data
dissemination in OSNs.

Considering an OSN, denoted by ℕ, consisting of 𝑛 users, denote
the set of all users by 𝒰 = {𝑢𝑖}𝑛𝑖=1; let a subset 𝒮 = {𝑢𝒮,𝑘}𝑛𝑠

𝑘=1 ⊆
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𝒰 denote the set of all sources, where ∣𝒮∣ = 𝑛𝑠. Before giving
the formal definition for the traffic load of the social network ℕ

in Section 2.2.3, we introduce two key conceptions: data arrival
process for users and transport distance of messages.

2.2.1 Data Arrival Process for Users
Individual Data Arrival Process: The temporal behavior of

messages arriving at a user in an OSN has been addressed by ana-
lyzing some real-life OSNs, [7, 32]. For example, Perera et al. [32]
developed a software architecture that uses a Twitter application
program interface (API) to collect the tweets sent to specific users.
They indicated that the arrival process of new tweets to a user can
be modeled as a Poisson Process. In this work, we just make it as
an empirical argument for assuming the data arrival for a user as a
data source to follow a Poisson Process. We define a rate vector

Λ𝒮 = (𝜆𝒮,1, 𝜆𝒮,2, ⋅ ⋅ ⋅ , 𝜆𝒮,𝑛𝑠),

where 𝜆𝒮,𝑘 is the rate of the Poisson Process at user 𝑢𝒮,𝑘 (for 𝑘 =
1, 2, ⋅ ⋅ ⋅ , 𝑛𝑠), and is called data arrival/generating rate. Here, we
make a reasonable and practical assumption that 𝜆𝒮,𝑘 = Θ(1) for
𝑘 = 1, 2, ⋅ ⋅ ⋅ , 𝑛𝑠.

Data Arrival Rate Distribution: The results of interest in this
paper fall within the scope of scaling laws issue. Therefore, al-
though in practise, the individual data arrival/generating process
may depend on many factors such as the user’s location, it is ap-
propriate to note at this point that the specific distribution of data
arrival rate has no impact on the results (in order sense) as long as
it holds that 𝜆𝒮,𝑘 = Θ(1) for 𝑘 = 1, 2, ⋅ ⋅ ⋅ , 𝑛𝑠. This is the reason
why we do not make an intensive study of the specific distribution
of data arrival rates.

2.2.2 Transport Distance of Messages
Denote a data dissemination session from a source 𝑢𝒮,𝑘 by an

ordered pair 𝔻𝒮,𝑘 =< 𝑢𝒮,𝑘,𝒟𝒮,𝑘 >, where 𝒟𝒮,𝑘 is the set of all
destinations of 𝑢𝒮,𝑘. Define a distance vector

D𝒮 = (𝑑𝒮,1, 𝑑𝒮,2, ⋅ ⋅ ⋅ , 𝑑𝒮,𝑛𝑠),

where 𝑑𝒮,𝑘 represents the transport distance over which the mes-
sage for session 𝔻𝒮,𝑘 is successfully transported from the source
𝑢𝒮,𝑘 to the destinations.

The transport distance depends on the specific architectures of
underlying communication networks and routing strategies. While,
in this work, we aim to present a general result which is indepen-
dent of the specific network communication architecture due to the
diversity of real-life communication networks. Then, we focus on
investigating the achievable lower bound on the transport distance.
The lower bound achieved by the optimal communication strategy
can serve as a reasonable metric to quantify and bound the trans-
port distances over different underlying communication networks.
For a session 𝔻𝒮,𝑘, when the underlying communication network
is involved, the problem to obtain the optimal transport distance
can be reduced to the Euclidean Steiner Tree Problem spanning the
set {𝑢𝒮,𝑘} ∪ 𝒟𝒮,𝑘: Given ∣{𝑢𝒮,𝑘} ∪ 𝒟𝒮,𝑘∣ nodes in the plane, the
goal is to connect them by lines of minimum total length in such a
way that any two nodes may be interconnected by line segments ei-
ther directly or via other nodes (relay devices in the communication
network) and line segments [13].

2.2.3 Traffic Load for Online Social Networks
In the OSN ℕ, define the traffic load for a dissemination ses-

sion, say 𝔻𝒮,𝑘, as L̃ℕ,𝒮(𝔻𝒮,𝑘) = 𝜆𝒮,𝑘 ⋅ 𝑑𝒮,𝑘. Furthermore, the
total traffic load for data dissemination from all sources in 𝒮 can be

explicitly defined as

Lℕ,𝒮 = Λ𝒮 ∗D𝒮 , (1)

where ∗ is an inner product.
Next, we give a basic lemma to derive the traffic load by each

session.

LEMMA 1. Under the assumption that 𝜆𝒮,𝑘 = Θ(1) for 𝑘 =
1, 2, ⋅ ⋅ ⋅ , 𝑛𝑠, it holds that

L̃ℕ,𝒮(𝔻𝒮,𝑘) = Ω (∣EMST ({𝑢𝒮,𝑘} ∪ 𝒟𝒮,𝑘) ∣) ,

Lℕ,𝒮 = Ω
(∑𝑛𝑠

𝑘=1
∣EMST ({𝑢𝒮,𝑘} ∪ 𝒟𝒮,𝑘) ∣

)
,

where EMST(⋅) denotes the Euclidean minimum spanning tree
over a set.

PROOF. A minimum spanning tree is a feasible but not usually
optimal solution to the Steiner tree problem. The Steiner ratio is
the largest possible ratio between the total length of a minimum s-
panning tree and the total length of a minimum Steiner tree [11]. In
the Euclidean Steiner tree problem, the Steiner ratio is conjectured
to be 2√

3
. The conjecture is still open [17], although earlier claims

of a proof were stated in [11]. Whatever the specific value of the
Steiner ratio is, it is definitely a constant. Therefore, when we only
care the order of final results in this paper, the value of the Steiner
ratio has no impact in order sense. As a result, we can use the to-
tal length of the Euclidean spanning tree of session 𝔻𝒮,𝑘, i.e., the
Euclidean spanning tree over the set {𝑢𝒮,𝑘} ∪ 𝒟𝒮,𝑘, to measure
the order of the total length of the optimal transport distance for
session 𝔻𝒮,𝑘.

Combining with the fact that 𝜆𝒮,𝑘 = Θ(1) for all 𝑘, we can
prove this lemma.

We remark that the lower bounds in Lemma 1 can be achieved
by the optimal underlying communication network architecture and
communication strategy.

3. LAYERED SOCIAL NETWORK MODEL
For each session, the geographical distribution of the source and

destination(s) plays a key role in generating the traffic load. Then, it
is critical to analyze the correlation between the spatial distribution
of sessions and geographical distribution of users.

To address this issue, we introduce a three-layer model, consist-
ing of the physical network layer (Layer 1), social relationship lay-
er (Layer 2), and application session layer (Layer 3), as illustrat-
ed in Fig.1, for modeling data dissemination in OSNs. The basic
procedure of modeling the correlations between the geographical
distributions of sessions and users can be described as follows:

1. At first, based on the users’ geographical distribution in the
physical network layer, we build the relationships among
users to form the social relationship layer.

2. Then, based on the formed social relationship layer, we mod-
el the geographical distribution of traffic sessions.

3.1 Layer 1: Physical Network Deployment
To embody the uneven population distribution in real-life OSNs,

we introduce the cluster random model.
We consider the random network consisting of a random number

𝑁 (with E(𝑁) = 𝑛)1 users distributed over a square region of area
1Throughout the paper, we let E[𝑋] denote the mean and variance
of a random variable 𝑋 , respectively.
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𝑆 := 𝑆(𝑛). To avoid border effects, we consider wraparound con-
ditions at the network edges. That is, the network area is assumed
to be the surface of a two-dimensional Torus, denoted by 𝒪. The
network physical extension

√
𝑆 is allowed to scale with the average

number of nodes, since this is expected to occur in many growing
systems.

The so-called clustering random model (CRM) can be denoted
by ℕ(𝑛, 𝑆;ℂ(𝑚), 𝑔(⋅)), where the expected number of centers, say
𝑚, and the clustering function, say 𝑔(⋅), will be defined later.

To emulate the clustering behavior of users’ distribution in real-
life OSNs, it is necessary to introduce the shotnoise Cox process
(SNCP, [5, 29]).

3.1.1 Shotnoise Cox Process
An SNCP can be described by the following construction: First,

specify a point process ℂ(𝑚) of cluster centers, whose positions
are denoted by 𝒞 = {𝑐𝑗}𝑀𝑗=1, where 𝑀 is a random number with
average E(𝑀) = 𝑚, and the center points 𝑐𝑗 are also called parent
points. Then, each center point 𝑐𝑗 in turn generates a point process
of nodes whose intensity at position 𝑋 is given by 𝜌𝑗 ⋅ 𝜅(𝑐𝑗 , 𝑋),
where 𝜌𝑗 ∈ (0,∞) and 𝜅(𝑐𝑗 , ⋅), called kernel or shot, is a dis-
persion density function. The nodes generated by each center are
referred to as offspring points. The overall node process ℙ is then
given by the superposition of the individual processes generated
by the cluster centers. The conditional local intensity at 𝑋 of the
resulting SNCP is

d(𝑋) =
∑

𝑗
𝜌𝑗 ⋅ 𝜅(𝑐𝑗 , 𝑋),

where d(𝑋) is a random field conditionally over all (𝜌𝑗 , 𝑐𝑗). Then,
the node process ℙ forms an inhomogeneous Poisson point process
with intensity function d(⋅). Let 𝒳 = {𝑋𝑖}𝑁𝑖=1 denote the collec-
tion of nodes positions in a given realization of the SNCP.

Under the above assumptions on the kernel shape, the quantity
𝜌𝑗 equals the average number of nodes generated by cluster center
𝑐𝑗 . We assume that all cluster centers generate on average the same
number of nodes, hence it holds that 𝜌𝑗 = 𝜌 = 𝑛

𝑚
. In this work,

we let 𝜌 scale with 𝑛 as well. That is, clusters are expected to grow
in size as the number of nodes increases.

In this paper, we restrict ourselves to kernels 𝜅(𝑐𝑗 , ⋅) that are in-
variant under both translation and rotation. The kernel 𝜅(𝑐𝑗 , 𝑋) =
𝜅(∣𝑋 − 𝑐𝑗 ∣) depends only on the Euclidean distance ∣𝑋 − 𝑐𝑗 ∣ of
point 𝑋 from the cluster center 𝑐𝑗 . Moreover, we assume that
𝜅(𝑐𝑗 , ⋅) is a summable, non-increasing, bounded and continuous
function, and

∫
𝒪 𝜅(𝑐𝑗 , 𝑋)𝑑𝑋 = 1. Following a common normal-

izing method, the kernels can be specified by first defining a non-
increasing, bounded and continuous clustering function 𝑔(𝑠) and
then normalizing it over the network area 𝒪:

𝜅(𝑐𝑗 , 𝑋) =
𝑔(∣𝑋 − 𝑐𝑗 ∣)∫

𝒪 𝑔(∣𝑌 − 𝑐𝑗 ∣)𝑑𝑌 (2)

3.1.2 Clustering Random Model ℕ (𝑛, 𝑆;ℂ(𝑚), 𝑔(⋅))
We define the clustering random model (CRM) by specifying the

point process ℂ(𝑚) of cluster centers.

∙ When ℂ(𝑚) is a homogeneous Poisson process (HPP) of in-
tensity 𝜆𝑐 = 𝑚/𝑆 over 𝒪, we call such a CRM Poisson
clustering random model.

∙ When 𝑚 are deployed in a regular grid pattern, we call such
a CRM Regular clustering random model.

For both models, we define 𝑙𝑐 =
√
𝑆/𝑚. This quantity represents

the length of edges of the square where the expected number of

contained cluster centers is equal to 1. We call the case that 𝑙𝑐 =
𝑂(1) cluster-dense regime, and call the case 𝑙𝑐 = 𝜔(1) cluster-
sparse regime, in which 𝑙𝑐 tends to infinity as 𝑛 increases.

To simplify the description, we assume that the number of nodes
is exactly 𝑛, and denote the set of nodes by 𝒱 = {𝑣𝑘}𝑛𝑘=1, which
has no impact on our results in order sense.

3.2 Layer 2: Social Relationship Formation
We propose a density-aware social relationship formation model,

called population-based social formation model. We will clarify
the advantages of this model later in Section 3.2.2.

Let 𝒟(𝑢, 𝑟) denote the disk centered at a point 𝑢 with radius 𝑟
in the deployment region 𝒪, and let 𝑁(𝑢, 𝑟) denote the number of
nodes contained in 𝒟(𝑢, 𝑟).

3.2.1 Population-based Social Formation Model
For a node 𝑣𝑘 ∈ 𝒱 , construct its friendship set of 𝑞𝑘, 𝑞𝑘 ≥ 1,

nodes/friends, say ℱ𝑘, by the following procedure:
1. Zipf’s Degree Distribution of Social Relations: Assume that

the number of friends (or followers) of a particular node 𝑣𝑘 ∈ 𝒱 ,
denoted by 𝑞𝑘, follows a Zipf’s distribution [24, 33], i.e.,

Pr(𝑞𝑘 = 𝑙) =
(∑𝑛−1

𝑗=1
𝑗−𝛾
)−1

⋅ 𝑙−𝛾 . (3)

From Eq.(3), we can observe that the degree distribution above de-
pends on the specific network size (the number of users 𝑛). We
will give a numerical validation based on Brightkite dataset for the
Zipf’s degree distribution in Appendix B.2.

We notice that the correlations between the users’ degree distri-
bution and graphical distribution should not be ignored, although
we simplify it in this work. We will address this issue in the future
work.

2. Population-Based Formation of Social Relations: Making
the position of node 𝑣𝑘 as the reference point, choose 𝑞𝑘 points
independently on the torus region 𝒪 according to a probability dis-
tribution with density function:

𝑓𝑣𝑘 (𝑋) = Φ𝑘(𝑆, 𝛽) ⋅ (E[𝑁(𝑣𝑘, ∣𝑋 − 𝑣𝑘∣)] + 1)−𝛽 , (4)

where the random variable 𝑋 := (𝑥, 𝑦) denotes the position of
a selected point in the deployment region, ∣𝑋 − 𝑣𝑘∣ denotes the
Euclidean distance between point 𝑋 and node 𝑣𝑘, 𝛽 ∈ [0,∞) rep-
resents the clustering exponent of friendship formation; the coeffi-
cient Φ𝑘(𝑆, 𝛽) > 0 depends on 𝛽 and 𝑆 (the area of deployment
region), satisfying that:

Φ𝑘(𝑆, 𝛽) ⋅
∫
𝒪
(E[𝑁(𝑣𝑘, ∣𝑋 − 𝑣𝑘∣)] + 1)−𝛽 𝑑𝑋 = 1. (5)

3. Nearest-Principle Position of Friends/Followers: Let 𝒜𝑘 =
{𝑝𝑘𝑖}𝑞𝑘𝑖=1 denote the set of these 𝑞𝑘 points. Let 𝑣𝑘𝑖 be the nearest
node to 𝑝𝑘𝑖 , for 1 ≤ 𝑖 ≤ 𝑞𝑘 (ties are broken randomly). Denote
the set of these 𝑞𝑘 nodes by ℱ𝑘 = {𝑣𝑘𝑖}𝑞𝑘𝑖=1. We call point 𝑝𝑘𝑖 the
anchor point of 𝑣𝑘𝑖 , and define a set 𝒫𝑘 := {𝑣𝑘} ∪ 𝒜𝑘.

Throughout this paper, we use ℙ(𝛿, 𝛾, 𝛽) to denote the population-
based social model.

3.2.2 Advantages of Population-Based Social Model
After Kleinberg [20] proposed a distance-based social model re-

lating geographical distance and social friendship, Liben-Nowell et
al. [23] introduced the rank-based model, where the probability of
befriending a particular person is inversely proportional to the pow-
er of the number of closer people. They validated the practicality
of rank-based model by analyzing the data of an online social net-
work, the LiveJournal online community. They pointed out that the
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Table 1: Notations for Exponents

Notation Definition

𝛿 ∈ [0,∞) clustering exponent of node distribution

𝛾 ∈ [0,∞) clustering exponent of friendship degree

𝛽 ∈ [0,∞) clustering exponent of friendship formation

weakness of distance-based models lies in that for a particular user,
it underestimates the friendship probability of the distant nodes in
the low-density region, when the geographical distribution of users
is inhomogeneous in common occurrence.

The rank-based model states that the friendship probability de-
pends on both the geographic distance and node density. Following
this observation, by modifying the rank-based model, we propose
the distance & density-aware population-based social model. The
population-based model is more convenient and systematic for ad-
dressing the bounds on aggregate travel distances. Anchor points,
defined in Step 3 of Section 3.2.1, are effectively introduced, in
order to ensure the independence of length of certain Euclidean s-
panning trees, thus makes it convenient to bound the total length,
e.g., the proof of Lemma 2. However, under the rank-based mod-
el where the friendships are directly built over nodes without an-
chor points, the corresponding independence cannot be guaranteed,
which usually brings the difficulty on the theoretical rigor.

We will provide a numerical validation based on Brightkite dataset
for the population-based social formation model in Appendix B.3.

3.3 Layer 3: Application Session Construction
After the social layer is formed, social sessions can be defined

according to the specific applications: For the social-unicast/social-
multicast, the source node delivers message to one/multiple select-
ed friend(s).

For the social-broadcast, the source node broadcasts message to
all its friends, such as tweets in Twitter and posts in Facebook.
Accordingly, we can define other session patterns based on the
definitions of corresponding non-social sessions, such as social-
anycast [22] and social-manycast [9].

4. MAIN RESULTS FOR GENERAL CLUS-
TERING RANDOM MODEL

In this paper, we focus on the extended networks [12, 14]) with
a constant average node density. Specifically, for the physical net-
work layer under the clustering random model (CRM), denoted by
ℕ(𝑛, 𝑆;ℂ(𝑚), 𝑔(⋅)), we let 𝑆 = 𝑛 to study the extended model
ℕ(𝑛, 𝑛;ℂ(𝑚), 𝑔(⋅)). Furthermore, for the clustering function 𝑔(⋅),
we define it as

𝑔(𝑠) := min
{
1, 𝑠−𝛿

}
for the extended model ℕ(𝑛, 𝑛;ℂ(𝑚), 𝑔(⋅)), where 𝛿 ∈ [0,∞) is
the clustering exponent of node distribution. Note that when 𝛿 =
0, the model degenerates into the homogeneous random extended
network [12, 14].

To facilitate the reader, we have reported in Table 1 a collection
of frequently-used system parameters.

4.1 General Density Function
In the clustering random model ℕ(𝑛, 𝑛;ℂ(𝑚), 𝑔(⋅)), we con-

struct a set of 𝑞 + 1 points, denoted by 𝒫 = {𝑋𝑖}𝑞𝑖=0, by the
following procedure:

Step 1. Select arbitrarily a point from 𝒪 as the first one in 𝒫 ,
denoted by 𝑋0.

Step 2. Making point𝑋0 as the reference point denoted by𝑂′, s-
elect independently other 𝑞 points at random according to the prob-
ability distribution with density function as described in Eq.(4) (Let
𝑣𝑘 := 𝑋0).

LEMMA 2. Making the point 𝑋0 as the reference point 𝑂′, the
distribution of points in 𝒜 := {𝑋𝑖}𝑞𝑖=1 follows the probability dis-
tribution with the density function

𝑓𝑋0(𝑋) =

[∫
𝒟(𝑋0,∣𝑋−𝑋0∣) d(𝑌 ) 𝑑𝑌 + 1

]−𝛽
∫
𝒪

[∫
𝒟(𝑋0,∣𝑍−𝑋0∣) d(𝑌 ) 𝑑𝑌 + 1

]−𝛽
𝑑𝑍

(6)

where

d(𝑌 ) =
𝑛

𝑚
⋅
∑

𝑐𝑗∈𝒞
min
{
1, ∣𝑌 − 𝑐𝑗 ∣−𝛿

}∫
𝒪 min {1, ∣𝑍 − 𝑐𝑗 ∣−𝛿} 𝑑𝑍 .

4.2 Traffic Load Distribution

4.2.1 Main Results on Traffic Load
We can use the set 𝒫 = {𝑋𝑖}𝑞𝑖=0 to represent a social traffic

session, where 𝑋0 acts as the source node and 𝒜 := {𝑋𝑖}𝑞𝑖=1 is
the set of all destinations of 𝑋0. Then, we have

THEOREM 1. For the traffic load by the session with the set 𝒫 ,
denoted by L̃, it holds that: when 𝑞 = 𝜔(1), with high probability
1− 𝑜(1/�̂�), it follows that

L̃ = Ω(Υ), (7)

where

Υ :

[√
𝑞 ⋅
∫
𝒪

√
𝑓𝑋0(𝑋)𝑑𝑋,

√
𝑞 ⋅
∫
𝒪

√
𝑓𝑋0(𝑋)𝑑𝑋 + �̄�

]
2,

(8)
𝑓𝑋0(𝑋) is defined in Eq.(6) of Lemma 2, and

�̄� =

min

{
𝐿

∣∣∣∣∣
∫
𝒟(𝑋0,𝐿)

𝑓𝑋0(𝑋)𝑑𝑋 = Ω

(
min

{
log �̂�

𝑞
, 1

})}
(9)

with a given parameter �̂� : (1, 𝑛] denoting the number of nodes
with degree of order 𝜔(1).

4.2.2 Proof of Theorem 1
Let EMST(𝒫) and EMST(𝒜) denote the Euclidean minimum

spanning trees of 𝒫 = {𝑋𝑖}𝑞𝑖=0 and 𝒜 := {𝑋𝑖}𝑞𝑖=1, respectively.
We first give a lemmas providing the total edge length of Eu-

clidean minimum spanning trees of 𝒫 = {𝑋𝑖}𝑞𝑖=0, denoted by
∣EMST(𝒫)∣.

LEMMA 3. When 𝑞 = 𝜔(1), it holds that:
⊳ With probability 1,

∣EMST(𝒜)∣ = Θ

(√
𝑞 ⋅
∫
𝒪

√
𝑓𝑋0(𝑋)𝑑𝑋

)
, (10)

where 𝑓𝑋0(𝑋) is defined in Eq.(6) of Lemma 2.

2We use the term 𝑓(𝑛) : [𝜙(𝑛), 𝜙(𝑛)] to represent 𝑓(𝑛) =

Ω(𝜙(𝑛)) and 𝑓(𝑛) = 𝑂(𝜙(𝑛)); and use 𝑓(𝑛) : (𝜙(𝑛), 𝜙(𝑛)) to

represent 𝑓(𝑛) = 𝜔(𝜙(𝑛)) and 𝑓(𝑛) = 𝑜(𝜙(𝑛)).
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⊳ With high probability 1− 𝑜(1/�̂�),

∣EMST(𝒫)∣ : [∣EMST(𝒜)∣, ∣EMST(𝒜)∣+ �̄�
]
, (11)

where �̄� is defined in Eq.(9).

PROOF. First of all, the cost of an edge (𝑋𝑖, 𝑋𝑗) is given by

Ψ(∣𝑋𝑖 −𝑋𝑗 ∣) = ∣𝑋𝑖 −𝑋𝑗 ∣.
That is, the exponent 𝜎 in Lemma 8 equals 1. In addition, Ψ(𝑥) is
a monotonically increasing function.

Let 𝐿 denote the distance between the center 𝑂 and reference
point. Then, under the center-clustering random model ℕ1(𝑛, 𝑆; 𝑔(⋅)),
by Eq.(4) and Eq.(5), the density function is specified into Eq.(13).
Then, by Lemma 8, we get that

∣EMST(𝒜)∣ = Θ
(√

𝑞 ⋅ ∫𝒪√𝑓𝑋0(𝑋)𝑑𝑋
)
.

It is straightforward that

∣EMST(𝒫)∣ = Ω(∣EMST(𝒜)∣) .
On the other hand, let 𝐿 denote the smallest distance from the

points in 𝒜 to point 𝑋0. Then,(
1− ∫𝒟(𝑋0,𝐿)

𝑓𝑋0(𝑋)𝑑𝑋
)𝑞

= 𝑜(1).

That is, ∫
𝒟(𝑋0,𝐿)

𝑓𝑋0(𝑋)𝑑𝑋 = 𝜔

(
1

𝑞

)
.

Thus, 𝐿 ≤ �̄�, where �̄� is defined in Eq.(9), which completes the
proof. Note that we deliberately relax the upper bound of 𝐿 as
in Eq.(9) in order to ensure Eq.(11) to hold with uniformly high
probability for Θ(𝑛) Euclidean spanning trees [31].

Finally, combining with Lemma 1, we complete the proof.

4.3 Special Results for Single-Center Model
According to the fact that there usually exist a finite number of

dense areas in real-life network applications, we mainly focus on
the finite-centers clustering random model (FC-CRM), denoted by
ℕ(𝑛, 𝑛;ℂ(𝑐), 𝑔(⋅)), where 𝑐 > 0 is a constant.

Since we aim to derive scaling laws of aggregate travel distances,
we only care the order of the parameters and performance metric-
s. Then, it holds that the finite-centers clustering random model
is indeed similar to a clustering random model with exactly one
center, which is called single-center clustering random model (SC-
CRM) here, in terms of scaling behavior. Denote such a SC-CRM
by ℕ(𝑛, 𝑛;ℂ(1), 𝑔(⋅)).

We construct a ℕ(𝑛, 𝑛;ℂ(1), 𝑔(⋅)) by the following procedure:
First, making a center of 𝒪 as the center point, denoted by𝑂. Then,
the center point 𝑂 generates a point process of nodes whose local
intensity at position 𝑋 is given by

d(𝑋) = 𝑛 ⋅ 𝜅(𝑂,𝑋) = 𝑛 ⋅ min
{
1, ∣𝑌 −𝑂∣−𝛿}∫

𝒪 min {1, ∣𝑍 −𝑂∣−𝛿} 𝑑𝑍 . (12)

where 𝜅(𝑂, ⋅) is the dispersion density function. Then, we get the
probability density function as follows.

COROLLARY 1. Making the point 𝑋0 as the reference point
𝑂′, the distribution of points in 𝒜 := {𝑋𝑖}𝑞𝑖=1 follows the proba-
bility with the density function

𝑓𝑋0(𝑋) =

[∫
𝒟(𝑋0,∣𝑋−𝑋0∣) d(𝑌 ) 𝑑𝑌 + 1

]−𝛽
∫
𝒪

[∫
𝒟(𝑋0,∣𝑍−𝑋0∣) d(𝑌 ) 𝑑𝑌 + 1

]−𝛽
𝑑𝑍

(13)

where

d(𝑌 ) = 𝑛 ⋅ min{1, ∣𝑌 −𝑂∣−𝛿}∫
𝒪 min{1, ∣𝑍 −𝑂∣−𝛿}𝑑𝑍 .

Combining Corollary 1 and Theorem 1, we can obtain the traffic
load by a session under the single-center clustering random model.

5. A CASE STUDY: TRAFFIC LOAD FOR
OSNS WITH HOMOGENEOUS
DISTRIBUTION OF USERS

In this section, in order to obtain an explicit result, we specif-
ically reduce the complexity from three dimensions (𝛿, 𝛾, 𝛽) ∈
[0,∞)3 to two dimensions (𝛾, 𝛽) ∈ [0,∞)2 by letting 𝛿 = 0. In
this case of extremely weak clustering behavior, the physical layer
degenerates into the homogeneous random network model [12,16],
where d(𝑌 ) ≡ Θ(1).

From Eq.(3), we get the degree distribution as follows:

Pr(𝑞𝑘 = 𝑙) =

⎧⎨⎩
Θ(𝑙−𝛾), 𝛾 > 1;
Θ( 1

log𝑛
⋅ 𝑙−1), 𝛾 = 1;

Θ(𝑛𝛾−1 ⋅ 𝑙−𝛾), 0 ≤ 𝛾 < 1.

(14)

We can reasonably assume that all nodes behave as source nodes,
i.e., 𝒮 = 𝒱 . Then, the description of social broadcast session 𝔻𝒮,𝑘
can be further simplified. That is, the session initiated from node
𝑣𝑘 is denoted by 𝔻𝑘.

5.1 Distribution of Anchor Points
For each dissemination session 𝔻𝑘 initiated by the source 𝑣𝑘, we

can get the distribution of anchor points directly using Corollary 1.

LEMMA 4. When the clustering exponent 𝛿 = 0, for a session
𝔻𝑘 under the population-based social model ℙ(𝛿 = 0, 𝛾, 𝛽), the
anchor points of the friends of source 𝑣𝑘 follows the distribution of
density function:

𝑓𝑣𝑘 (𝑋) =

⎧⎨⎩
Θ
(
(∣𝑋 − 𝑣𝑘∣2 + 1)−𝛽

)
, 𝛽 > 1;

Θ
((

log 𝑛 ⋅ (∣𝑋 − 𝑣𝑘∣2 + 1)
)−1
)
, 𝛽 = 1;

Θ
(
𝑛𝛽−1 ⋅ (∣𝑋 − 𝑣𝑘∣2 + 1)−𝛽

)
, 0 ≤ 𝛽 < 1.

By using Lemma 4, we can get the following result.

LEMMA 5. For a social-broadcast session 𝔻𝑘 under the model
ℙ(𝛿 = 0, 𝛾, 𝛽), it holds that:

E[∣𝑋 − 𝑣𝑘∣] =

⎧⎨⎩
Θ(1), 𝛽 > 3/2;
Θ(log 𝑛), 𝛽 = 3/2;

Θ(𝑛
3
2
−𝛽), 1 < 𝛽 < 3/2;

Θ(
√
𝑛/ log 𝑛), 𝛽 = 1;

Θ(
√
𝑛), 0 ≤ 𝛽 < 1.

(15)

5.2 Social-Broadcast Sessions
Under the population-based social model, we denote a social-

broadcast session 𝔻𝑘 by the set {𝑣𝑘} ∪ ℱ𝑘, where 𝑣𝑘 is the source
and each element in ℱ𝑘 = {𝑣𝑘𝑖}𝑞𝑘𝑖=1, say 𝑣𝑘𝑖 , is the nearest node to
the corresponding anchor point 𝑝𝑘𝑖 in 𝒜𝑘 = {𝑝𝑘𝑖}𝑞𝑘𝑖=1. Recall that
𝒫𝑘 = {𝑣𝑘} ∪𝒜𝑘, we can get the following Lemma 6 for spanning
trees over 𝔻𝑘.

LEMMA 6. For a social-broadcast session 𝔻𝑘 with 𝑞𝑘 = 𝜔(1)
under the social formation model ℙ(𝛿 = 0, 𝛾, 𝛽), with probability
1, it holds that

∣EMST(𝒜𝑘)∣ = Θ(𝐿𝒫(𝛽, 𝑞𝑘)),
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Table 2: 𝐻(𝛾, 𝛽) Depending on Exponents 𝛾 and 𝛽

𝛾 𝐻(𝛾, 𝛽)

𝛾 > 2

⎧⎨⎩

Θ(𝑛), 𝛽 > 2;

Θ(𝑛 ⋅ log 𝑛), 𝛽 = 2;

Θ(𝑛2− 𝛽
2 ), 1 < 𝛽 < 2;

Θ(𝑛3/2/
√
log 𝑛), 𝛽 = 1;

Θ(𝑛3/2), 0 ≤ 𝛽 < 1.

𝛾 = 2

⎧⎨⎩
Θ(𝑛 ⋅ log 𝑛), 𝛽 ≥ 2;

Θ(𝑛2− 𝛽
2 ), 1 < 𝛽 < 2;

Θ(𝑛3/2/
√
log 𝑛), 𝛽 = 1;

Θ(𝑛3/2), 0 ≤ 𝛽 < 1.

3/2 < 𝛾 < 2

⎧⎨⎩
Θ(𝑛3−𝛾), 𝛽 ≥ 2𝛾 − 2;

Θ(𝑛2− 𝛽
2 ), 1 < 𝛽 < 2𝛾 − 2;

Θ(𝑛3/2/
√
log 𝑛), 𝛽 = 1;

Θ(𝑛3/2), 0 ≤ 𝛽 < 1.

𝛾 = 3/2

⎧⎨⎩
Θ(𝑛3/2), 𝛽 > 1;

Θ(𝑛3/2 ⋅ √log 𝑛), 𝛽 = 1;

Θ(𝑛3/2 ⋅ log 𝑛), 0 ≤ 𝛽 < 1.

1 < 𝛾 < 3/2 Θ(𝑛3−𝛾)

𝛾 = 1 Θ(𝑛2/ log 𝑛)

0 ≤ 𝛾 < 1 Θ(𝑛2)

and then

∣EMST(𝒫𝑘)∣ = Ω(𝐿𝒫(𝛽, 𝑞𝑘)),

where

𝐿𝒫(𝛽, 𝑞𝑘) =

⎧⎨⎩

Θ
(√

𝑞𝑘
)
, 𝛽 > 2;

Θ
(√

𝑞𝑘 ⋅ log 𝑛
)
, 𝛽 = 2;

Θ
(√

𝑞𝑘 ⋅ 𝑛1− 𝛽
2

)
, 1 < 𝛽 < 2;

Θ
(√

𝑞𝑘 ⋅
√

𝑛
log𝑛

)
, 𝛽 = 1;

Θ
(√

𝑞𝑘 ⋅ √𝑛
)
, 0 ≤ 𝛽 < 1.

(16)

PROOF. From Theorem 3, it follows that with probability 1,

∣EMST(𝒜𝑘)∣ = Θ(𝐿𝒫(𝛽, 𝑞𝑘)) for 𝑞𝑘 = 𝜔(1),

where 𝐿𝒫(𝛽, 𝑞𝑘) is defined in Eq.(16). Combining with the fact
that ∣EMST(𝒫𝑘)∣ ≥ ∣EMST(𝒜𝑘)∣, we get the lemma.

5.3 Main Result on Traffic Load

5.3.1 Lower Bound on Traffic Load
The main result in this section can be described by the following

theorem.

THEOREM 2. Under the social model ℙ(𝛿 = 0, 𝛾, 𝛽), the traf-
fic load for data dissemination in OSN ℕ, denoted by Lℕ, is of

Lℕ = Ω(𝐻(𝛾, 𝛽)) ,

where 𝐻(𝛾, 𝛽) is defined in Table.2.

5.3.2 Proof of Theorem 2
The bound depends on the bound on

∑𝑛
𝑘=1 ∣EMST(𝒫𝑘)∣. We

firstly give a basic lemma for the final proof.

LEMMA 7. For all social-broadcast sessions 𝔻𝑘 (𝑘 = 1, 2, ⋅ ⋅ ⋅ , 𝑛)
under the social formation model ℙ(𝛿 = 0, 𝛾, 𝛽), with high proba-
bility, the lower bounds on

∑𝑛
𝑘=1 ∣EMST(𝒫𝑘)∣ hold as described

in Table.3.

PROOF. Let 𝑁𝑙 denote the number of sessions with 𝑙 destina-
tions. First of all, to simplify the proof, we let

𝑁𝑙 = 𝑛 ⋅ Pr(𝑞𝑘 = 𝑙) = 𝑛 ⋅
(∑𝑛−1

𝑗=1 𝑗
−𝛾
)−1

⋅ 𝑙−𝛾 ,

which has no impact on the analysis in order sense according to
laws of larger numbers. Based on all 𝔻𝒮,𝑘, define two sets

𝒦1 := {𝑘∣𝑞𝑘 = Θ(1)} and 𝒦∞ := {𝑘∣𝑞𝑘 = 𝜔(1)}.

Then, ∑𝑛

𝑘=1
∣EMST(𝒫𝑘)∣ = Σ1 +Σ∞, (17)

where

Σ1 =
∑
𝑘∈𝒦1

∣EMST(𝒫𝑘)∣, Σ∞ =
∑

𝑘∈𝒦∞
∣EMST(𝒫𝑘)∣.

First, we consider Σ1. Since for 𝑞𝑘 = Θ(1), it holds that

∣EMST(𝒫𝑘)∣ = Θ(∣𝑋 − 𝑣𝑘∣),
then we have

Σ1 =
∑

𝑘∈𝒦1
∣𝑋 − 𝑣𝑘∣.

For 𝑘 ∈ 𝒦1, define a sequence of random variables 𝜉1𝑘 := ∣𝑋 −
𝑣𝑘∣/√𝑛 having finite mean:

E[𝜉1𝑘] = E[∣𝑋 − 𝑣𝑘∣]/
√
𝑛,

where E[∣𝑋 − 𝑣𝑘∣] is presented in Lemma 5. Then,

Σ1 = Θ
(√

𝑛 ⋅
∑

𝑘∈𝒦1
𝜉1𝑘

)
.

Thus, by Lemma 9, with probability 1,∑
𝑘∈𝒦1

𝜉1𝑘 = Θ
(∣𝒦1∣ ⋅E[∣𝑋 − 𝑣𝑘∣/

√
𝑛]
)
,

where ∣𝒦1∣ denotes the cardinality of 𝒦1. Thus, we get that with
probability 1,

Σ1 = Θ
(∣𝒦1∣ ⋅E[∣𝑋 − 𝑣𝑘∣]

)
. (18)

Next, we consider Σ∞. For 𝑘 ∈ 𝒦∞, all random variables
∣EMST(𝒫𝑘)∣ are independent; moreover, from Lemma 6, with
probability 1,

∣EMST(𝒫𝑘)∣ = Ω(𝐿𝒫(𝛽, 𝑞𝑘)),

where 𝐿𝒫(𝛽, 𝑞𝑘) is defined in Eq.(16). Thus, with probability 1,

Σ∞ ≥
∑

𝑙:(1,𝑛]
𝑛 ⋅
(∑𝑛−1

𝑗=1
𝑗−𝛾
)−1

⋅ 𝑙−𝛾 ⋅ 𝐿𝒫(𝛽, 𝑙). (19)

Finally, combining Eqs.(17), (18) and (19), we complete the
proof.

Then, we begin to prove Lemma 2. Since∑𝑛

𝑘=1
𝑞𝑘 = Θ

(∑𝑛−1

𝑙=1
𝑛 ⋅ Pr(𝑞𝑘 = 𝑙) ⋅ 𝑙

)
,
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Table 3: Lower Bounds on
∑𝑛
𝑘=1 ∣EMST(𝒫𝑘)∣

�����𝛽
𝛾

𝛾 > 3/2 𝛾 = 3/2 1 < 𝛾 < 3/2 𝛾 = 1 0 ≤ 𝛾 < 1

𝛽 > 2 Ω(𝑛) Ω(𝑛 log 𝑛) Ω(𝑛
5
2
−𝛾) Ω(𝑛3/2/ log 𝑛) Ω(𝑛3/2)

𝛽 = 2 Ω(𝑛 ⋅ log 𝑛) Ω(𝑛 ⋅ (log 𝑛)2) Ω(log 𝑛 ⋅ 𝑛 5
2
−𝛾) Ω(𝑛3/2) Ω(𝑛3/2 ⋅ log 𝑛)

1 < 𝛽 < 2 Ω(𝑛2− 𝛽
2 ) Ω(𝑛2− 𝛽

2 ⋅ log 𝑛) Ω(𝑛
7
2
−𝛾− 𝛽

2 ) Ω(𝑛(5−𝛽)/2/ log 𝑛) Ω(𝑛(5−𝛽)/2)

𝛽 = 1 Ω(𝑛3/2/
√
log 𝑛) Ω(𝑛3/2 ⋅ √log 𝑛) Ω(𝑛3−𝛾/

√
log 𝑛) Ω(𝑛2/(log 𝑛)3/2) Ω(𝑛2/

√
log 𝑛)

0 ≤ 𝛽 < 1 Ω(𝑛3/2) Ω(𝑛3/2 ⋅ log 𝑛) Ω(𝑛3−𝛾) Ω(𝑛2/ log 𝑛) Ω(𝑛2)

we get that
∑𝑛
𝑘=1 𝑞𝑘 = 𝑄(𝛾), where

𝑄(𝛾) =

⎧⎨⎩
Θ(𝑛), 𝛾 > 2;
Θ(𝑛 log 𝑛), 𝛾 = 2;
Θ
(
𝑛3−𝛾) , 1 < 𝛾 < 2;

Θ
(
𝑛2/ log 𝑛

)
, 𝛾 = 1;

Θ
(
𝑛2
)
, 0 ≤ 𝛾 < 1.

(20)

Moreover, for all 𝑣𝑘 ∈ 𝒱 ,

E [∣𝑣𝑘𝑖 − 𝑝𝑘𝑖 ∣] = Θ

(∫ √
𝑛

0

𝑥 ⋅ 𝑒−𝜋⋅𝑥2𝑑𝑥
)
,

that is,

E [∣𝑣𝑘𝑖 − 𝑝𝑘𝑖 ∣] = Θ(1).

Thus, according to Lemma 9, with high probability, it follows that∑𝑛

𝑘=1

∑𝑞𝑘

𝑖=1
∣𝑣𝑘𝑖 − 𝑝𝑘𝑖 ∣ = Θ

(∑𝑛

𝑘=1
𝑞𝑘
)
. (21)

Combining with Lemma 7, we get that: for all social-broadcast
sessions 𝔻𝑘, 𝑘 = 1, 2, ⋅ ⋅ ⋅ , 𝑛, under the social model ℙ(𝛿 =
0, 𝛾, 𝛽), with high probability,∑𝑛

𝑘=1
∣EMST(𝔻𝒮,𝑘)∣ = Ω(𝐻(𝛾, 𝛽)),

where 𝐻(𝛾, 𝛽) is described in Table.2.
Finally, according to Lemma 1, we can complete the proof of

Theorem 2.

5.3.3 Explanation of Results
At first, we discuss the impacts of clustering exponents of friend-

ship degree and friendship formation, i.e., 𝛾 and 𝛽, on the traffic
load. The traffic load for social-broadcast is monotonically nonin-
creasing in the range

[
𝑛, 𝑛2

]
for both 𝛾 and 𝛽. An intuitive ex-

planation can be made as follows: A larger clustering exponent of
friendship degree 𝛾 can limit the number of friends of each user into
a smaller upper bound with high probability, then leads to a low-
er traffic load; a larger clustering exponent of friendship formation
𝛽 makes the friends more closer to each user with high probabil-
ity, then possibly reduces the total transmission distance of each
social-broadcast session, finally also leads to a lower traffic load.

Importantly, we notice that this work should be regarded as the
first step for investigating the traffic load under the population-
based model. Here, we only take into account the case that 𝛿 = 0,
where the population-based model degenerates to that similar to
distance-based model [20,21]. The advantages of population-based
model cannot be sufficiently highlighted for such a special model,
indeed. It would be a significant future work to clarify the relation-
ships between the general clustering exponent and traffic load in
3-dimensional parameter space, i.e., (𝛿, 𝛾, 𝛽) ∈ [0,∞)3.

6. CONCLUSION AND FUTURE WORK
We have presented a three-layered architecture to model the data

dissemination in online social networks (OSNs), i.e., the physical
network layer (Layer 1), social relationship layer (Layer 2), and ap-
plication session layer (Layer 3). By analyzing mutual relevances
among these three layers, we get the geographical distribution char-
acteristics of dissemination sessions in OSNs. Based on this, we
presented the density function of general social relationship distri-
bution and the general form of traffic load bounds for OSNs, and
derived the tight lower bounds on traffic load of data dissemination
in the OSNs.

Much work still remains. Under the profile & social-based in-
formation dissemination pattern, a subsequent traffic session from
a source is usually triggered by the previous session from another
source. While, we have focused exclusively the data arrival model
where the correlations of data generating processes at sources have
been ignored. Besides this, we have not investigate the correlation
between the degree distribution and the geographical distribution
of the user in our model. Even for our proposed model, we only
provided the explicit result for the model with homogeneous ge-
ographical distribution of users. This cannot still highlight suffi-
ciently the characteristics of real-life OSNs and the advantages of
the proposed population-based formation model.
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APPENDIX

A. USEFUL LEMMAS
LEMMA 8 (MINIMAL SPANNING TREE [35]). Let 𝑋𝑖, 1 ≤

𝑖 < ∞, denote independent random variables with values in ℝ
𝑑,

𝑑 ≥ 2, and let 𝑀𝑛 denote the cost of a minimal spanning tree of
a complete graph with vertex set {𝑋𝑖}𝑛𝑖=1, where the cost of an
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edge (𝑋𝑖, 𝑋𝑗) is given by Ψ(∣𝑋𝑖−𝑋𝑗 ∣). Here, ∣𝑋𝑖−𝑋𝑗 ∣ denotes
the Euclidean distance between 𝑋𝑖 and 𝑋𝑗 and Ψ is a monotone
function. For bounded random variables and 0 < 𝜎 < 𝑑, it holds
that as 𝑛 → ∞, with probability 1, one has

𝑀𝑛 ∼ 𝑐1(𝜎, 𝑑) ⋅ 𝑛
𝑑−𝜎
𝑑 ⋅
∫
ℝ𝑑

𝑓(𝑋)
𝑑−𝜎
𝑑 𝑑𝑋,

provided Ψ(𝑥) ∼ 𝑥𝜎 , where 𝑓(𝑋) is the density of the absolutely
continuous part of the distribution of the {𝑋𝑖}.

LEMMA 9 (KOLMOGOROV’S STRONG LLN [38]). Let {𝑋𝑛}
be an i.i.d. sequence of random variables having finite mean: for
∀𝑛, E[𝑋𝑛] < ∞. Then, a strong law of large numbers (LLN)
applies to the sample mean:

�̄�𝑛
𝑎.𝑠.−→ E[𝑋𝑛],

where
𝑎.𝑠.−→ denotes almost sure convergence.

B. A VALIDATION BASED ON BRIGHTKITE
DATASET

In this section, we provide the validations of the adopted degree
distribution model and the proposed population-based social for-
mation model using Brightkite users’ dataset [10].

B.1 Brightkite Dataset
Brightkite was created in 2007. It was once a location-based

social networking service provider where users shared their loca-
tions by "checking-in" function, [1]. The friendship network was
collected using their public API, and consists of 58, 228 nodes and
214, 078 edges. The Brightkite users’ dataset in [10] collected a to-
tal of 4, 491, 143 checkins of these users over the period from April
2008 to October 2010. It provides each user with the incoming and
outgoing friend lists.
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Figure 2: Social Degree Distribution of Brightkite Users.

B.2 Degree Distribution of Brightkite Users
Recall that we assume that the number of friends of a particular

node 𝑣𝑘 ∈ 𝒱 , denoted by 𝑞𝑘, follows a Zipf’s distribution [24], i.e.,

Pr(𝑞𝑘 = 𝑙) =
(∑𝑛−1

𝑗=1
𝑗−𝛾
)−1

⋅ 𝑙−𝛾 .

We validate the Zipf’s degree distribution of social relations by in-
vestigating the negative linear correlation between

𝑌 := lg𝑁𝑜𝑢𝑡(𝐾𝑜𝑢𝑡) and 𝑋 := lg𝐾𝑜𝑢𝑡,

where 𝐾𝑜𝑢𝑡 represents an outgoing degree, and 𝑁𝑜𝑢𝑡(𝐾𝑜𝑢𝑡) de-
notes the number of the users with the outgoing degree 𝐾𝑜𝑢𝑡.

In the Brightkite dataset [10], the relationship between 𝑌 and 𝑋
is described as Fig.2. It shows that the relationship be approximated
to a line segment with negative slope, which basically matches our
proposed model.

B.3 Validation of Population-Based Model
Let 𝑑(𝑢, 𝑣) denote the distance between user 𝑢 and user 𝑣; let

𝒟(𝑢, 𝑣) denote the disk centered at 𝑢 with a radius 𝑑(𝑢, 𝑣); and let
𝑁(𝑢, 𝑣) denote the number of nodes in the disk 𝒟(𝑢, 𝑣). Further-
more, we define a variable

I(𝑢, 𝑣) = 1 ⋅ {𝑣 is a friend of 𝑢}.
We validate the power-law degree distribution of social forma-

tion by investigating the negative linear correlation between 𝑌 and
𝑋 , where 𝑋 := lg𝑁 with 𝑁 denoting a number of nodes, and

𝑌 := lg

(∑
<𝑢,𝑣>∈ℰ 1 ⋅ {𝑁(𝑢, 𝑣) = 𝑁}∑
𝑢,𝑣∈𝒱 1 ⋅ {𝑁(𝑢, 𝑣) = 𝑁}

)
,

with 𝒱 and ℰ denoting the set of all users and the set of all social
links, respectively.

0 1 2 3 4 5
−5

−4.5

−4

−3.5

−3

−2.5

−2

−1.5

−1

X=lgN

Y

Figure 3: Population-based Social Probability Distribution of
Brightkite Users.

In the Brightkite dataset [10], the relationship between 𝑌 and
𝑋 is described as Fig.3. It shows that the relationship tendency
is approximated very coarsely to a line segment with negative s-
lope. The experimental result also basically validates our proposed
model, although it does not perfectly match. The main reason of
mismatch lies in the fact that: (1) The locations of users in the
dataset are coarse-grained, and are indeed estimated in the experi-
ments. This reduces the accuracy of experiments. (2) Based on this
dataset, more than 90% results fall within the part with 𝑋 > 3.
The accumulation of experimental errors here leads to a “bloated"
tail in the validation graph.
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